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lO ■ Abstract 

f— ^ I Using information from the marginality conditions of vertex operators for the AdS^ x S^ 

CN ■ superstring, we determine the structure of the dependence of the energy of quantum string 

states on their conserved charges and the string tension ~ vA. We consider states on the 
leading Regge trajectory in the flat space limit which carry one or two (equal) spins in 
k> ' AdS^ or S^ and an orbital momentum in S^ , with Konishi multiplet states being particular 

^ ■ cases. We argue that the coefficients in the energy may be found by using a semiclassical 

expansion. By analyzing the examples of folded spinning strings in AdS^ and S^ as well as 
three cases of circular two-spin strings we demonstrate the universality of transcendental 
(zeta-function) parts of few leading coefficients. We also show the consistency with target 
space supersymmetry with different states belonging to the same multiplet having the 
same non-trivial part of the energy. We suggest, in particular, that a rational coefficient 
(found by Basso for the folded string using Bethe Ansatz considerations and which, in 
general, is yet to be determined by a direct two-loop string calculation) should, in fact, 
be universal. 



^Also at Lebedev Institute, Moscow. 



1 Introduction and summary 

Recent progress in understanding the integrable system that should be computing the spectrum 
of the maximally supersymmetric example of AdS/CFT duality makes it important to further 
develop a detailed matching of the Bethe ansatz predictions with quantum AdS^ x S^ string 
energies extracted from the perturbative string theory. While direct near-flat-space expansion 
of the quantum string theory determining the large tension (^ = "2^) expansion of quantum 
string energies with fixed quantum charges is still to be developed, here we shall follow the 
"semiclassical" approach suggested in [1] (see also [2]) and recently applied in [3, 4, 6, 5] 
to demonstrate the matching of the numerical results of the TBA for the Konishi operator 
dimension interpolated from weak to strong coupling [7, 8, 9] with the perturbative string 
theory prediction for the corresponding string energy. 

Our motivation is to further understand the structure of the dependence of the string energy 
on the string tension and its quantum numbers (spins) guided by the expected form of the string 
vertex operator marginality conditions [1, 4] and recent progress on the Bethe ansatz side [10]. 
We shall consider several string states which belong (in the flat-space limit) to the leading 
Regge trajectory and for the lowest values of the spins or the lowest value of the string level 
represent states in the Konishi multiplet and discover the universality of some leading-order 
coefficients in the expansion of their energies. 

1.1 General structure of the inverse tension expansion of the energy 

Let us start with describing the general form of the dependence of the energy ii^ of a string state 
on its quantum charges Qi in the large string tension expansion (V^ ^1).^ As follows from 
the structure of a' expansion of 2d anomalous dimensions of the corresponding AdS^ x S^ string 
vertex operators [11, 12], the solution of the marginality condition should give E = E(Q, vA) 
in the following general form [1, 4] 

E^ = 2y/\ J2 c^iQi + Y^ hjQiQj + J2 ^^^^ 

i i,j i 

where Qi are supposed to be fixed in the limit vA ^ 1. The highest power of charges in l- 
term here is n -|- 2. This follows, e.g., from dimensional analysis, from the fact that higher 
order terms in 2d anomalous dimension operator may contain higher derivative operators (e.g., 
E'^ comes from 5*0(2,4) Casimir originating from Laplacian on AdS^, etc.; see [12]) and also 
from the fact that, in any theory, an {n + l)-loop Feynman graph renormalizing a (vertex) 
operator contains at most (n + 2) Wick contractions with fields in the (vertex) operator and 
thus contributes to its dimension terms like Q™'/{v\)'^ with m < n + 2. 

More explicitly, if we consider a string state with an orbital momentum J3 = J in S^ and 
one extra oscillator number A^ (corresponding, e.g., to an intrinsic spin component due to an 



^Examples of these charges discussed below are spins Si, S2 in AdS^ and spins Ji, J2, J3 in S^ 



extended nature of the string) which determines the value of an effective string level then (1.1) 
is a consequence of the following 2d marginality condition^ 

= N + -^{-E^ + J2 + no2N^ + niiN) 
2v A 

+ --L^(noiiVj2 + nosiV^ + m^N^ + n,,N) + O(^) . (1.2) 

Including also some higher-order terms, the resulting expression for E'^ may be written as^ 

E'^ = 2V\N + J2 + no2N'^ + rinN 

+ -= {rioiJ^N + nosN^ + riuN^ + n2iN) 
V A 

(nil J^A^ + no2J^N^ + no4iV^ + ni^N^ + n22A^^ + n^nN) 



2 



+ -^ (noi^'AT + n^iJ^N + ni2 J^iV^ + nosiV^ + -.) 

+ (;^(^n^'^^ + -)+0((^). (1.3) 

This expression follows under the assumption that in (1.2) E"^ enters only in the 1-loop 4= term. 
On general grounds, as E may be thought of as a global charge analogous to J, one might wonder 
if (1.2) should also contain terms like ^ [E^^^ + ... + E"^N"' + ...). However, terms depending 

only on E (or on E and J) should be 2d scheme-dependent (like higher powers of Laplacian 
in 2d anomalous dimension operator) and would also contradict BMN limit E = J in the 
absence of other charges (A^ = 0) leading to spurious y= dependent solutions of the marginality 
condition; they should thus be absent in a scheme preserving target space supersymmetry. 
Terms in (1.2) involving both E and A^ like h E'^N"^ with m + n < k + 1, may be present, 

but in solving the marginality condition (1.2) for E in perturbative expansion in 4= they cannot 

modify the leading-order solution E'^ = 2\/XN + ... and their perturbative treatment leads just 
to redefinitions of coefficients already present in eq. (1.3). Note also that the presence of the 
mixed terms J^N"^ terms reflects the fact that in curved space the center-of-mass and internal 
degrees of freedom do not in general decouple. 



^Here the {—E"^ + ,P + ...) term is the 1-loop correction to the 2d (anomalous) dimension, the next term is 
the 2-loop correction, etc., with all the terms at the same order in -j^ being here on the same footing. This 
expansion should emerge in the sigma model approach upon diagonalization of the 2d anomalous dimension 
matrix (as, e.g., in the NSR approach or in the context of a pure spinor approach like the one discussed in [13]). 
Here we ignore possible shifts of N and E by integers that depend on a choice of a reference vacuum state (in 
the bosonic string context the l.h.s. of (1.2) should be equal to 2). 

■^Here the coefficient of J^ in the first line should be 1 to be consistent with the BMN limit iV = 0. Again, we 
assume that in general E and J may be redefined by possible constant shifts to be consistent with positions in 
a supermultiplet (e.g., E{E — 4) = J{J + 4) -(- ... is equivalent to {E — 2)^ = ( J + 2)^ + ... for simplest point-like 
states). This depends on a definition of string vacuum, see [4] for more details. 



Expanding (1.3) in large vA for fixed N, J we get 

A2 
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2V\N 
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(v^)^ 



--Al + -Ki J2 + nosiV^ + nuN + n2i] 
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"-21 - c^ii + (^12 - 7^11^02)iV + (no3 - 5^02)^ + 0{J ) 
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[n"^! - 8^11^21 + 32^31) + {3no2nli - Sriuriu - 8^02^21 + 32n22)iV 



+ (3nQ2^ii - 8^03^11 - 8^02^12 + 32ni3)A^^ + ... 



;i.4) 

1.5) 

;i.6) 
;i.7) 



Substituting particular values of N and J into (1.3), (1.4) one can find the expansion of the 
corresponding quantum string state energy, i.e. the strong-coupling expansion of the dimension 
of the dual gauge-theory operator. Note that the first two terms in the r.h.s. of (1.3) have direct 
fiat-space interpretation, so that A^ plays the role of string level and the spinning string states 
with maximal value of A^ for a given value on spin belong to the leading Regge trajectory. For 
example, A^ = corresponds to massless (supergravity) states and iV = 2 to states on the first 
excited string level which contains the Konishi long multiplet as its "floor" and also its "KK 
descendants" with higher values of J obtained by tensoring with [0, J, 0] representation [14]. 
The states in the Konishi multiplet that we will consider here correspond to A^ = 2, J = 2, see 
[1, 4]. 

The goal is thus to determine the coefficients Ukm in (1-3). To achieve this one may use 
the observation [1, 2] that a similar expansion of the string energy is also found by starting 
with a solitonic string carrying the same types of charges as the vertex operator representing a 
particular quantum string state and 

(i) first performing the semiclassical expansion vA ^ 1 for fixed charge densities Qi = yrQi, 
i.e. (A/", J) = -^{N, J), and then 
(ii) expanding E in small values of Qi. Indeed, the limit Qj = -%—)■ should correspond to 

taking vA ^ 1 for fixed values of the quantum charges Qi. Assuming that there is no order of 
limits problem, the same coefficients nkm should be found in these two different approaches. 
Writing (1.3) in terms oi M^J as 



(^) -^-^ 



+ 



1 



(v^)^ 



^21 A/" + n2iJ'^M + n22M'^ ^ 



+ nosA/"^ + no4A/'^ ^ 
ni2A/'' + fii2J^M^ 

■•••) + o((^), 



Fni3A/'^ + ...) 



[U 



one can then interpret the coefficient Ukm in (1-3) as a A;- loop contribution to a term scaling as 
M"^ in the semiclassical expansion, i.e. nom can be extracted from the classical string energy. 



film - from the 1-loop semiclassical correction, etc. Expanding E in (1.8) in small A/" for fixed 
J we get 






A/'2 



2J3 



1 + (noi - no2) J'" + (noi - no2 + in^i) J^^ + ... + ... 






^{nn+nnJ^ + nnJ'^ 



;i.9) 



^2T3 ( ~ ^11 + (^12 - 1^01^11 - nu)J^ + {riu - nn - InoiUu - lnoinn)J^ + ... j 



2J3 



4J^^ 



f 3nii + [3nii - 2ni2 + (3noi - no2)nn]J^ 



+ [2(^13 - ni2) - noiuu + S^n + (3noi - ^02 + |^oi)^ii + (3^oi - ^^02)^11] J^ + ... j + 



(v^)^ 
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It should be noted that the quantum string sigma model loop (i.e. a' ~ 4^ ^ 1) expansion in 
(1.3) is of course different from the semiclassical loop expansion in (1.8): in (1.2) or (1.3) the 
first order N term is classical, J^ + nQ2N'^ + nuN are 1-loop terms, etc., i.e. the coefficients 
rikm, in general, appear at different loop orders in the two expansions.^ Note also that while 
each £-loop term in (1.3) is a polynomial oi finite degree, {i + 1), in the charges, this does not 
in general apply to the semiclassical expansion (1.8) where each term may contain an infinite 
series of terms in the small J', M expansion. To relate the two expansions one would need to 
reorganize or even resum them.^ For example, the classical string energy term in (1.8) receives 
contributions from all higher loop orders in (1.3), etc.^ 

Comparison of (1.9) or (1.4)-(1.7) to (1.3) shows that eq.(1.3) for the square of the energy 
provides a much more "economical" description of the spectrum. Computing the semiclassi- 
cal expansion (1.9) directly one finds indeed many relations between the coefficients there in 
agreement with the general structure of E'^ in (1.3). 

The expression for i?^ in (1.3) or in (1.8) may be formally organized as an expansion in small 
M which will then look like an expansion in powers of A^: 



E' 



J2 + hi{\ J)N + /i2(A, J)N^ + /i3(A, J)N^ + 



1.10) 



''Note that nn {£ = 1, 2, ...) are still i-\oop coefficients in both expansions. 

^In particular, considering J^ ^ Af expansion will lead to inverse powers of J^ in the semiclassical expansion 
and thus will require a resummation to relate it to (1.3). 

^Note also that "non-analytic" terms [1] like ,62, B3, ••• in the large vA expansion of the energy 

S= \/27AiV[l + 4=' ^' 



'^i + 7l 



which a priori could be present in the energy found 



VA (v^)2 ' ■■■J ^ ' yX ' (\/A)2 

by using semiclassical expansion, should not actually appear if this approach is consistent: they would lead to 

..] + ... which cannot be present in the 



\/\ dependent terms in E"^ , i.e. E'^ = 2\^N + 2V2N[- 
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standard sigma model perturbative computation of eigenvalues of 2d anomalous dimension matrix. 



where for fixed J and large A the coefficient functions hk are given by 

TA (71)2 ^VA (71)2 (71)3 ' 

h , ^12 , ^22 , , j2( ^02 , ^12 , N , ., ,^^ 

"^ = "°^ + 71 + (7a)5 + -^^ + ^ <(7i)J + (TIF ■^■' + - • *'^''> 

The corresponding expansion of E in small A/" for fixed JT is then 

E = J + ^hi{X,J)N + ... , (1.14) 

i.e. /ii(A, J) may be called, following [10], a "slope" function. In ref. [10] it was found exactly 
in the case of the folded string with spin S in AdS^ (in this case N = S). While the coefficients 
in the "slope" function hi are expected, by analogy with the case in [10], to be rational {hi 
is determined [10] by the asymptotic Bethe ansatz and is also not sensitive to the phase) the 
coefficients in the next "curvature" function /i2 are already transcendental (as we shall discuss 
below ni2 contains (3, hi2 contains Cs, etc) and /i2 is expected to be sensitive to "wrapping" 
corrections. 

1.2 Summary of results for the coefficients 

Below we shall consider the examples of "small" semiclassical spinning string states discussed 
in [1, 4] that fall into the class of states described by (1.3), (1.8), (1.9). They correspond to 
quantum string states with angular momentum J and few oscillator modes excited that are 
responsible for non-zero components of intrinsic spin. More specifically, we shall consider and 
compare the following solutions:^ two folded string cases: {S, J) and (J', J) and three rigid 
two-spin circular string cases: (Ji = J2 = J', J), {Si = 82 = 8, J) and {S = Ji = J', J). For 
lowest values of the winding numbers these represent (in the flat space limit) states on the 
leading Regge trajectory with the string level being A^ = S* or A^ = J in the folded one-spin 
cases and A^ = 2J' or N = 2S in the circular two-spin cases. 

For example, for N = 2 these represent states on the flrst excited string level. In this case 
all states with flxed J (i.e. on a flxed KK level [14]) should belong to a single long PSU{2, 2|4) 
multiplet.^ Furthermore, the string states with N = 2, J = 2 are dual to particular states in 
the Konishi multiplet on the gauge theory side [1, 4]. 

As all operators in a given supermultiplet should have the same 4d anomalous dimension, 
that means that the corresponding string states should have the same target space energy (up 
to constant integer or half-integer shifts reflecting their positions in the supermultiplet; such 
shifts are ignored in (1.3)), i.e. the expression for Ej^=2 as a function of J and A should be 
universal, with Ej^^^{J = 2, A) being equal to the dimension of the Konishi multiplet. 



^We shall use the following notation: 6*1 and 52 will stand for spins in AdS^; Ji = J' and J2 will be spins 
in S^ and J3 = J will be orbital momentum in S^. 

*For example, the three circular string states in the flat space limit are related by Lorentz transformations 
and thus belong to the same multiplet. This should remain so upon switching on the curvature. 



As follows from (1.3), this expected universality of the N = 2 value of the energy for any 
J and vA imposes the following invariance constraints on the coefficients of states within a 
supermultiplet: 

Uqi = inv , 2no2 + nn = inv , Auq^ + 2ni2 + n2i = inv , (1-15) 

2^02 + nil = inv , 8no4 + 4ni3 + 2n22 + ^31 = inv , ... (1-16) 

Note that these conditions relate different terms in the semiclassical loop expansion. Once the 
values of these coefficients are known at least for one state in the multiplet, then (1.15), (1.16) 
constrain the coefficients for other states. 

Explicitly, these universal coefficients enter E]\f=2 in (1-3), (1.4) as follows 



E_ = 2v^ 



^N^2 



Ctl (I2 Oj3 



y/X (v^)2 (v^) = 



Of 



{^r 



;i.i7) 



ai = (Ai)^^, = - J2 + -(2no2 + nil) , (1.18) 
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a2 = (^2)^.2 = -2«? + 4^01^' + ^(4no3 + 2ni2 + nsi) , (1.19) 

as = (A3)iv=2 = -0102 + -(2no2 + nii)J^ + -(8no4 + 4ni3 + 2n22 + n^i) . (1.20) 

(ofc) j=2 are then the coefficients of the string coupling expansion of the dimension of the Konishi 
multiplet. ai thus depends on tree-level no2 and 1-loop riu coefficients; 02 depends on tree-level, 
extra 1-loop ni2 and also 2-loop n2i coefficients; as depends on tree-level, extra 1-loop nii,ni3, 
extra 2-loop n22 and also 3-loop nsi coefficients, etc. 

In general, the highest loop order i coefficient n^i in a^ originates from the slope function 
hi in (1.11) and thus should be rational (as was found for the {S,J) folded string state in 
[10]).^ The subleading loop order coefficient n£_i,2 (for i > 1) originating from /i2 in (1.11) 
should already be transcendental - containing zeta-function C(2^— 1) = C2^-i. Also, n^-2,3 (for 
i > 2) should contain C2^_i, etc. Then the highest transcendentality term in ag in (1.17) should 
contain C2^_i. 

Indeed, as we shall see below the 1-loop coefficients ni^ obey this pattern: ni2 contains (3, 
ni3 contains C5, etc. What is unclear at the moment is if the 2-loop and higher coefficients in 
/i2,/i3,... (like n22,n32,...) may contain other transcendental constants as well.^'^ It would be 
important to carry out an explicit 2-loop computation of n22 to clarify this question. 

It is interesting to note that the weak-coupling expansion of the anomalous dimension of the 
Konishi multiplet states also contains Cfc constants at 4 and 5 loops (see, e.g., [17] and refs. 
there) while the transcendentality origin of higher loop coefficients here again appears to be an 
open question (an answer should follow from an analytic solution of TBA equations at weak 
coupling [7, 8]). 



^In particular, for the {S,J) folded string state [10]: nn = —1, ^21 = — |, n^i — —j, nn 
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For example, the 2-loop and higher order terms in the In S coefficient of the large S limit of the folded 
string energy expanded in -h^ contain Dirichlet beta function constants K = /3(2), etc. (as well as Qk) [15, 16]. 



Let us now summarize what is known [1, 3, 4, 5, 10, 6] and what will be found below about 
the coefficients Ukm, nkm in (1-3) using the semiclassical approach. We will try to identify the 
general universality patterns in the structure of these coefficients. First, in all cases 

1 

noi = 1 , noi = -- . (1.21) 

The universality of ngi is in agreement with (1.15). This follows from the universal form of the 
"near-BMN" expansion of the classical string energy: 

^2 = j2 + 2iVv/ATJ2 + ... = j2 + Arf2VA + ^j2 ^j4 + ...) + ... (1.22) 

V ^/\ 4(v^)3 / 

where we assumed that N <^ J <^ vA- In other words, the ffist term in the semiclassical 
expansion of the slope function hi in (1.10) is universal: /ii(A, J) = 2V^Vl + J"^ + 0{J). 

The classical no2,'^o3 and the leading 1-loop riu coefficients are also rational [1, 3]. We find 
that in all cases 

2no2 + nn = 2, (1.23) 

verifying the ffist universality relation in (1.15). The value of hn is determined by the term 
linear in M in the 1-loop semiclassical energy computed for fixed J and small M and then 
expanded in small J (see (1.9)). The results for the folded string [10, 6] and the circular string 
results described below imply that in all cases 

flu = -nil , nil = nil ■ (1-24) 

More generally, these results imply the universality (for the states on the leading Regge trajec- 
tory) of the jT-dependence of the ffist two leading terms in the "slope" function hi in (1.10) 
expanded in the semiclassical limit vA ^ 1 with J = ^ held fixed: 

hi = 2VxVi^ry2 + _^ + _L [n,, + n,ij' + o{j')] + o(^) . (1.25) 

We find also that the leading term in the semiclassical expansion of /i2 in (1.12) has the following 
general form 

h2 = no2 + Y^2 + -^ [^12 + nuJ' + OiJ')] + O(^) . (1.26) 

Again, by inspection in all cases we observed, in agreement with ffist relation in (1.16) we find, 

2no2 + nii=0, (1.27) 

so that (using (1.23), (1.24)) 

1 
no2 = 2^11 = 1 - no2 . (1.28) 
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The 1-loop coefficient ni2 in (1.3), (1.26) contains a transcendental ^3 part. This was first ob- 
served in the small-spin expansion of the folded string [2, 18] and pulsating string [20] energy, 
indicating also that higher-order 1-loop terms should contain (^5, etc., constants. The compu- 
tation of ni2 for the circular 2-spin string with Ji = J2 = J' {N = 2 J') in [1] and for the folded 
spinning string (A^ = S) in [6] led to the exactly same coefficient of Cs in ^12? suggesting its 
universality, i.e. that^^ 

ni2 = n[^ - 3C3 , (1.29) 

where n'12 is a rational number depending on a particular string state on the leading Regge 
trajectory. The universality of the (3 coefficient in (1.29) will be conffimed below also for the 
two other examples of the "small" circular string solutions: with two equal spins Si = S2 in 
AdS^; with one one spin in AdS^ and one spin Ji = J' in S^ with S = J', N = 2S (in ref. [1] 
only rill was computed in these cases). 

As was found in [10] from the exact computation of the "slope" function hi in (1.10) for 
the "ground-state" {S,J) state in s/(2) sector (corresponding to the folded {S,J) string), the 
2-loop coefficient ^21 is rational and given by^^ 

n2i = -I . (1.30) 

In view of (1.15) and the observed universality of Ca in ^12 (1.29) the rationality of n2i should 
apply also to other states under consideration. Indeed, using the values of noa = ""f; ''^12 = | 
[6] and (1.30) [10] for the folded {S, J) string case the universality of the third combination in 
(1.15) translates into 

4no3 + 2n;2 + n2i = -l . (1.31) 

Remarkably, as we shall find below, this constraint implies the same value (1.30) for the 2-loop 
coefficient n2i also for the folded (J', J), circular (Ji = J2, J) and circular (5*1 = S2, J) strings. 
We thus suggest that this value n2i = — |, like the value of the Cs coefficient in (1.29), should 
again be the same for all the states on the leading Regge trajectory. ^^ This universality of n2i 
may help understand how to generalize the exact result of [10] for the function hi in (1.10) to 
states outside the s/(2) sector. While the direct 2-loop computation of n2i is yet to be done 
for the circular string cases, the value (1.30) can be indirectly obtained from the knowledge of 
the 1-loop coefficients by using the expected universality of the subleading 02 coefficient in the 
dimension of the Konishi state (1.19). 

Note that in view of (1.29) and (1.31) the coefficients in the Konishi multiplet energy (1.17) 
take the following explicit form 

1 3 



^^The Ca coefficient is no longer universal for an m-folded string [6] but has simple rn^ dependence (see also 
section 2.2 below for the corresponding circular string case). 

'^^The simplicity of this coefficient may a priori be surprising as it should be given by some 2-loop world-sheet 
theory integral (with discrete sum over spatial momenta). 

^■^The universality of this subleading coefficient in the slope function is supported by the fact that while nu is 
sensitive to the curvature of subspace where string moves (i.e. it changes sign between the AdS^ and 5*^ cases) 
the 2-loop correction (determining, in particular, n2i) depends on the square of the curvature. 



The universality of (ai) ^^^ = 1, i.e. the vahdity of (1.23) not only for the {S, J) folded [3] but 
also for the small circular string cases was already verified in [1, 4]. 

Assuming the universality of the value of n2i in (1.30) we get from (1.31) 

3 

^'i2 = -g - 2^03 • (1-33) 

We shall explicitly confirm this relation (and thus the n2i = — | prediction) in section 2 for the 
circular Ji = J2 and ^i = ^2 cases. In the case of the circular S = J' string one has ngs = — | 
and then (1.33) implies n[2 = §• The direct computation of n'12 in this case will be discussed 
in section 2.4 and Appendix C As it will be explained in section 2.1, the result depends on a 
choice of a summation prescription over the fiuctuation frequencies. One particular summation 
procedure discussed in Appendix C leads to n'^2 — ^- While so far we were unable to identify 
a prescription leading to the value n'12 = | consistent with the universality of (1.30), we believe 
it should exist. Further support of the universality of ^21 comes from the folded {J', J) string 
discussed in Appendix D where we show that in this case uq^ = | and n'^g = "§! ^^ agreement 
with (1.33). 

The 1-loop result for the {S, J) folded string in [6] (in eq. (B.5) there) and our present results 
for the circular and {J' , J) folded string cases all lead also to the following universal expression 
for the coefficient hi2 in (1.3), 

ni2 = ni2 + 3C3 + ^C5 , (1.34) 

where n'^2 i^ ^ rational number depending on a particular state. Remarkably, like in the case 
of nil = —"^11 in (1-24), the Cs term here is the same as in ni2 in (1.29), up to the sign. The 
coefficient ni2 contributes to a higher sub leading term 04 in the Konishi dimension (1.17). 
The value of ni2 can be found from the coefficient of the -r^M'^J term in (1.9), i.e. 

1 _ _ _ 3 

^12 - ^11 - -("-01^11 + "-oi^ii) = "-12 - -^11 (1-35) 

A o 

where we used (1.21). For example, for the (5*, J) folded string the result of [6] gives (1.34) 
with n'i2 = -fl- 

The coefficient nis can be found also by starting with solutions with J = 0, expanding in 
small M and comparing to (1.4), (1.7) (see section 2): nis is present in the A^^ term in A3 in 
(1.7) which appears at one loop order in the semiclassical expansion (as j)^ 3 = ^). Our 

1-loop results for the circular strings (A^ = 2J' = 25*) imply that 

15 
^13 = «13 + ^13C3 + ^C5 , (1-36) 

where n'lg and n'/g are rational numbers. The coefficient of (^5 is again universal. In the 
semiclassical expansion of the energy at fixed J the coefficient ni3 first appears in the 77^ 7 
term in (1.9), i.e. in the combination 

3 

2(ni3 - ^12) - ^oi"'i2 + 3nii + (3noi - ^02 + t^qi)^!! + (3noi - ^02)^11 

= (2^13 - 3)C3 + 2ni3 - 2ni2 - n^2 - ^11 + "-n > (1-37) 

10 



where we first used (1.21), (1.29), (1.30), (1.28) and then (1.34) and (1.36). Note that Cs terms 
cancel out in this combination. The absence of C5 in the coefficient oi M^ / J term is seen in the 
expression for the 1-loop energy for the AdS^ folded string in [6]; we will also find that the same 
is true for the folded string in S^ and the three circular string examples. As for the Cs term in 
(1.37) appearing in the coefficient of Af'^/J' in (1.9), the result of [6] and our results described 
in section 2 and Appendix D imply that it depends on a particular solution. Thus n'l^ is not 
universal (we shall list its values for different solutions below). The results of [6] in the folded 
{S, J) string case lead to nn = — 1, n'12 = |, n'l^ = ^, h'12 = ~% and thus n[^ = ~^- 

We expect the 3-loop slope coefficient n^i to be rational for all states while the 2-loop coef- 
ficient n22 to contain only (^ as its highest transcendentality part, i.e. 

^22 =^22+^22(3 • (1-38) 

Then the universality of the combination 8no4 + 4ni3 + 2n22 + ^31 in (1.16) is consistent with 
the universality of the C5 coefficient in (1.36). Thus the next-order coefficient a^ in the first 
excited string level state energy (1.20) should contain a C5 part. 

Explicitly, as follows from the above discussion (cf. (1.27), (1.36)) the coefficients in the 
energy (1.17) for the states on the first excited string level take the form: 

ai = ^ J^ + i , (1.39) 

a2 = --al + ij2 _ 1 _ ^C3 = -^ J4 + 1 j2 _ 3 _ 3 
2 2^4 42^^ 128 16 82^^' ^ ^ 

1 1 

0-3 = -aia2 + 2no4 + nia + -n22 + -^31 (1-41) 



1 llQQIlt^ 

= -a,i2al - J2 + 1) + 2no4 + n[^ + -n'^^ + -^n^i + {-^J^ + ^ + n'[^ + -n'2'2)C3 + ^Cs 

The universality of 03 implies that the coefficient of C3 and thus n'[^ + 1^22 should have state- 
independent value. For the folded (5", J) string ai, a2 in (1.39), (1.40) appeared in [3, 6]. In this 
case the 3-loop coefficient n^i can be inferred from the exact expression (A. 2) for the "slope" 
hi in [10], i.e. n^i = —\. Using also that for folded string solution no4 = H and the value for 
ni3 in (1.36) given by nis = — ^ + ^^3 + ^Cs (see [6] and (D.28)) we conclude that for this 
state we should get 

a3 = Y^(J' + 4)(J^ - 24J2 + 48) + - + -n'22 + -(- J' + 9 + n'2'2)C3 + ^Cs (1-42) 

To fix 03 we thus need to know the 2-loop coefficient n22 in /i2 in (1.12). As the folded string is 
an elliptic solution, the required direct 2-loop string computation appears to be hard. It should 
be easier to find n22 for the rational circular Ji = J2 solution. In that case n^i should be again 
rational, while (see (2.22)) n'^g = — ^, n'/g = — | so that the coefficient of C3 in a^ is |(|^^+^22)- 
The universality of this coefficient could be checked by an independent computation of n22 by 
another circular string, e.g., 5*1 = S2 one. 

It would be interesting also to extend the numerical TBA analysis in [9] to test the universal 
J dependence of 03 and extract the value of n22 for the folded string state. The J = 2, 3, 4 data 
in [9] suggests that 7222 ~ —10. 
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Let us now list the values of few leading coefficients nkm-,nkm for various folded and circular 
spinning strings adding question marks next to the values that were not yet derived directly but 
are conjectured to be true on the basis of the universality of (1.30) (see also table in Appendix 
E). For the folded strings with one spin A^ in AdS^ or S^ and an S^ orbital momentum J one 
finds: 

• folded string in AdS^ with {S,J),N = S [2, 3, 6, 10]: 

3 3 31 1 

noi = 1 , no2 = - , ^03 = -g ' ^°^ ^ 64 ' ^°^ ^ ~2 ' 

nil = -1 , nil = 1 , ni2 = - , n'/g = y , n2i = --] (1.43) 

• folded string in S^ with (J', J), N = J' [19, 5]: 

1111 
noi = 1 , no2 = - , ^03 = g , ^°^ ^ 64 ' "°^ ^ 2 ' 

5 3 1 

nil = 1 , nil = -1 , %2 = -g > ^13 = -4 ' ^21 = -|(?) • (1-44) 

The value of ni2 in (1.29), (1.44) and nn will be determined below in Appendix D following the 
algebraic curve approach of [3, 5, 6]. 

For the circular strings with two equal spins in AdS:^ or S^ and an S^ momentum J one finds: 

• circular string with (Ji = J2, J), N = Ji + J2 = 2 J' [1, 4] (see also section 2.2): 

noi = 1 , no2 = , no3 = , no4 = , no2 = 1 , 

3 3 1 

nil = 2 , nil = -2 , n[2 = —^ , n[^ = -- , nsi = --(?) ; (1.45) 

• circular string with {Si = S2, J), N = Si + S2 = 2S [1, 4] (see section 2.3 for hu and n[2)'- 

noi = 1 , no2 = 2 , nos = -1 , no4 = 2 , no2 = -1 , 

nil = -2 , nil = 2 , n'^^ = — , n'/g = — , n2i = --(?) ; (1.46) 



circular string with (S = J', J), N = S + J' = 2S: 
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1 3 

noi = 1 , no2 = 1 , no3 = -9 ' ^04 = t , no2 = , 

nii = 0, nii = 0, n[, = l{r), n'l, = ^ , n2i = -]{1) . (1.47) 



^^Note that the values of all cocfBcicnts listed here are given by the mean average of the values for the Ji = J2 
and 5*1 = S2 circular strings: symbolically, n(SJ) = ^[niJJ) + n{SS)]. An intuitive explanation for this may 
be that since we are considering a near-flat-space expansion certain leading coefficients should be given just by 
sums of independent contributions of oscillators in different dimensions. Then to leading order the AdS^ and 
S^ directions should contribute similarly in the near-flat expansion, modulo signs due to opposite sign of the 
curvature. 
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It is useful also to add the corresponding expressions for the pulsating strings with A^ being 
the oscillation number (see [20] and refs. there) :^^ 

• pulsating string in AdS^: 

5 13 

noi = 1 , no2 = - , ^03 = — ^ , 

23 1 

nil = -mi = -3(?) , n[, = -{-!), ^21 = --(?) ; (1.48) 

• pulsating string in S^: 

noi = 1 , ^02 = -- , no3 = -- , 

nil = -nil = 3(?) , n;2 = -^(?), n2i = -i(?), (1.49) 

As discussed in [20], for N = 2 the pulsating strings should also represent states on the first 
excited string level, i.e. in particular (for J = 2) states from the Konishi multiplet. With the 
above values of nkm one indeed reproduces the coefficients in (1.32). 

The rest of this paper is organized as follows. In the section 2 we first comment on the general 
strategy of computing one-loop correction to the energy of classical solitons and then use it to 
evaluate the one-loop contributions to the energy of the three "small" circular spinning strings. 
The necessary characteristic polynomials are collected, in a factorized form, in Appendix B. 
While the solutions with two spins in AdS^ or with two spins in S^ yield coefficients Ukm in 
line with the expectations and patterns outlined above, the rational terms in the result for the 
circular string solution with one spin in AdS^ and one spin in S^ are found to be ambiguous, 
depending on a choice of prescription for the summation of the characteristic frequencies. In 
Appendix C we compute the one-loop correction to the energy of the same small circular 
string solution using the algebraic curve approach and find a result consistent with a particular 
worldsheet summation prescription. In Appendix A we discuss the structure of the leading 
terms in the slope function hi [10] in the semiclassical expansion. The one-loop correction to 
the energy of folded string with spin in S^ is found in Appendix D. Appendix E contains table 
with values of the leading coefficients discussed in this paper. 

2 One-loop correction to energy of "small" circular strings 

Below we shall revisit the semiclassical computation of 1-loop correction to energy of "small" 
semiclassical circular strings discussed in [1, 4] with the aim to extend the expansion to next 
subleading order allowing one to extract the value of the coefficient ni2 in (1.3), (1.6) and thus 
n'i2 in (1.29). In the case of the Ji = J2 string this was already done in [1] but we will review 
this case as well for completeness. 



""^^To get the required 1-loop coefBcients nn it appears that one is to take the fcrmions in [20] with antiperiodic 
boundary conditions. The same apphes to folded string cases discussed in [18, 20]; this removes In 2 terms from 
nil present in the pcriodic-fermion results of [2, 18, 20]; it remains to see that at the end one establishes the 
full agreement with the algebraic-curve computation of [3] . 
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2.1 General comments on computation of one- loop correction 

We will be interested in computing 1-loop corrections to the energy of rigid circular spinning 
strings in AdS^ x S^. While these solutions are among the simplest ones being stationary 
and leading to fluctuation Lagrangian with constant coeflicients this problem (addressed in the 
past, e.g., in [21, 22, 23, 24, 35, 1]) turns out to be subtle. Expanding the string action near 
the solution and using a static gauge on fluctuations one ends up with a quadratic fluctuation 
operator A2 = diag^Ks, Kp) for 8+8 coupled bosonic+fermionic fluctuation modes. Equivalent 
result for A2 (restricted to "physical" subspace) is found in the conformal gauge where 2 
massless bosonic modes decouple and their contribution is cancelled against the conformal 
gauge ghost one. Since for all solutions we will consider the target-space time is proportional 
to the world sheet one, t = nr, the 1-loop correction to the target space energy can be found 
as 

El = -E2d (2.1) 

K 



where E2d is 1-loop correction to energy of the world-sheet theory on Rx S^ 

2 ' 2 ''' 



r G (—-J, ?), T — 7- 00, (T G (0, 2n)). Since in our case A2 has constant coeflicients, E2d can be 



found as -^ In detA2 = g^^ In -^-r^. Even though In det A2 is UV flnite^^, the computation of its 
finite part on 2d cylinder is potentially ambiguous - it may depend on how individual fluctuation 
modes are deflned and how their contributions are combined together. One complication is that 
the space of bosonic fluctuations is multidimensional. Also, the lack of manifest Bose-Fermi 
2d symmetry (like world-sheet supersymmetry in the NSR case) implies an extra ambiguity 
in choice of a consistent regularization. On general grounds, the choice of a prescription for 
computation of this quantum correction should be governed by the requirement of preservation 
of underlying symmetries of the theory (i.e. conserved charges, including "hidden" ones) which 
are "spontaneously broken" by a choice of a particular background we are expanding around. A 
practical implementation of this starting directly with the GS AdS^ x S^ string action remains 
a non-trivial task.-'^'^ 

To give an example of possible ambiguities, consider a model where 

h OD „ J 

E2d = \Y,Cr. Y, / ^ 1^ [(^0 + «-)' - (Pi + ^-)' + ^'] • (2.2) 

r=l pi=— 00 

Here pi is an integer momentum in S^ direction and the sum rules J2r=i '^r = 0, J2i=i Cr'm'^ = 
ensure that E2d is UV flnite. The shifts Oj and (integer) kr reflect particular choice of deflnitions 
of fluctuation modes. If one splits the sum over fluctuations into h separate 2d integrals and 
formally ignores the UV cutoffs in them one may shift the integration/summation variables so 
that to completely eliminate the dependence on ar,kr- However, if one flrst combines all the 
contributions into a single integrand the flnite result will depend on ar,kr- 



^^See [35, 36] for discussions of the UV regularization of such determinants. 

^^Unfortunately, in more complicated 2-spin cases the integrability-based algebraic curve approach does not 
appear to help with the problem of ambiguities in the summation over the fluctuation modes. 
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To evaluate similar 1-loop expressions one may choose to diagonalize A2 first to get its 
determinant over "fiavor" indices as a product over roots of the corresponding characteris- 
tic polynomials, Pb,f{Po) ="'(^Q^" Kb,f = IUPo ~ ^i (Pi)]- Oiie particular prescription for 
evaluating the resulting integral over po is to first Wick-rotate it (which is equivalent to ie 
prescription Po ^ Pq — ie)}^ Then performing the integral one gets a sum of absolute values of 
the characteristic frequencies 

-.16 00 

E,, (mo,) = 4 E E (l^f^(Pi)l - \^'f\p^)\) ■ (2-3) 

1=1 Pl=— 00 

Alternatively, one may also treat the worldsheet theory expanded to quadratic order around 
the classical solution as a collection of infinitely many coupled harmonic oscillators (found 
by expanding the 2d fiuctuation fields in Fourier series in a) and evaluate the corresponding 
vacuum energy using the 1-d Hamiltonian (operator) quantization method. As was discussed 
in [25, 24], upon a diagonalization of the mixing, the contribution of each normal mode to the 
energy will enter in the sum with a sign Sj = ±1 determined by a minor of the mixing matrix, 
i.e. in this case we get 

_. 16 00 

^- (^) = iE E Ki -?^(^o - 4S. -f'^pi)] • (2.4) 

j=i pi=— 00 

While this expression is equivalent to (2.3) in some standard simple cases, this need not be true 
in general. ^^ The computation in 1-d Hamiltonian quantization setting may be sensitive to low 
values of pi when sign of cUj may fiuctuate with pi and different treatments may correspond 
to different choices of oscillator vacuum for low (zero) modes. At the same time, the signs of 
sufficiently high mode number terms (i.e. with |pi| > n = finite number) cannot be sensitive 
to them. Indeed, since the mixing of modes is subleading (at most linear) in pi compared to 
the free kinetic term, the mixing can be ignored for large pi; in particular, 

\pi\>n: Si.p,uJi{pi) = \ujiipi)\ ■ (2.5) 

Since the transcendental (Cs, Csj etc.) terms that may appear in the expression for the 2d 
energy can originate solely from a summation over infinite range of pi (the sum over any finite 
set of modes can only produce a rational number) it follows that the transcendental parts of 
the 2d energy should be controlled by the \pi\ ^ 1 limit and thus should not depend on a 
sign prescription. Moreover, fiuctuations with high mode numbers have large 2d energy and 
thus probe only short worldsheet distances. ^'^ Their contribution is thus less sensitive to details 
of the classical solution which is chosen as an expansion point for the the worldsheet action 



^^It is not clear a priori why the standard ie prescription should be preferred given that 2d Lorentz invariance 
is broken by the background. 

^®The expression in (2.4) may be thought of also as a result of a generalized ie prescription: po ^i' Po — isie, 
with SiLOi = Si\uji\, sf = 1. 

^° Classical scale invariance is broken by the background so this notion makes sense; "short distance" is 
measured with respect to the characteristic scale of the background which is set by the parameters of the 
solution. 
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(they will, however, be sensitive to the "topological" features of the solution, such as winding 
number). We may then expect that at least some of the coefficients of the transcendental terms 
in El should be universal within a given Regge trajectory (parametrised by values of spins with 
fixed values of windings). This explains, in particular, the universality of the (3 term in (1.29) 
and of the Cs terms in (1.34) and (1.36). 

The choice of signs Sj may itself be sensitive to the definition of the fluctuation modes (related 
to shifts in fluctuation frequencies or choice of oscillator vacua that may also be different in 
different gauge choices). In general, one expects that the whole summation prescription should 
be determined by the requirement that the target space symmetry algebra is correctly realized 
on quantum string states. There are more practical physical conditions that are easier to verify, 
e.g., the vanishing of the one- loop correction to the energy in the limit in which all charges go 
to zero. The one-loop correction should also vanish in the limit in which the classical solution 
becomes supersymmetric (in cases where such limit exists) ^^ e.g., one may require consistency 
with the BMN limit. 

Another requirement one may impose is an analyticity in the smallest charge. Indeed, in the 
presence of a large charge one may expect that turning on another charge should be smooth; 
that is, the derivative of the energy with respect to the smallest charge evaluated at zero should 
not be singular. This translates into the absence in E2d of fractional powers of small charges, 
Q" with a < 1. Such a requirement of the absence of "non-analytic" terms (see [1]) turns 
out to be consistent with the structure of the energy (1.3), (1.4) expected to follow from the 
marginality condition for the corresponding vertex operator. 

2.2 Circular string with spins Ji = J2 and orbital momentum J 

We shall start with the "small" circular string in S^ described by the following classical solution 

[21, 23, 1, 4] (t = KT, XfcX, = 1) 

Xi +iX2= a e^('""+™'^) , X3 + iX^ = a e^^"'"-™'^) , X5 + iXe = Vl - 2a^ e'"^ 

c2 2 2 , A 2 2 2 , ^"' ^ 2 2,2 tn r\ 

Cq = K = u + Am a = u -\ — ^^^^= , w = m + u , (2.6) 



J 



1 



2J' 



\Jm^-\-v'^ 



In the limit a — )■ this becomes a short string with small spin J' . m is a winding number 
which is to be set to 1 to get a state on the leading Regge trajectory. For z/ = the classical 
energy has the same expression as in flat space, Sq = 2y/mJ'. Expanding the classical string 
energy Eq = ^/XSq for JT"' = 4^ ^ 1, JT" = -^ ^ 1 and assuming J''^ <^ J' we get for m = 1 

E^ = 2\f^' [l + ^il_^Uf—^ -—)+...] . (2.7) 

" V L yXSJ' (v^)2Vl28J'2 4/ J ^ ' 



^^Such a requirement may seem inconsistent with the fact that the exact target space energy should contain a 
charge-independent term which describes the position of the corresponding state in a supersymmetry muhiplet. 
However, from the perspective of a quantum string state, this constant term is governed by the fermionic zero 
mode content and should not be accessible semiclassically. 
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More generally, if we expand in small J' for fixed (? = J"^ / {-imj') ^ we find 

1 pV 



Eq = 2^1 + p^\^m^/\J' 



1 + 



m 



Vai + p=^ 



f (4p2 + p4_2p6)j, 



6\ T/2 



+ ... 



[m 



V^)2 2(l + p2)2 -J ' - 4^yX/ 
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Expanding this further in the limit p — )> we get back to (2.7) for m = 1. An alternative 
expansion corresponding to JT"' ^ 1 with fixed J (i.e. p ^ 1) gives (cf. (1.10), (1.22), (1.26)) 

It is useful to perform the one-loop calculation in terms of the two independent semiclassical 
parameters a and v. We will first expand in small a at fixed v and then expand in v. An 
important feature of this expansion is that all 1-loop integrals are then regularized in the IR 
by a non-zero value oi u or J' and therefore a^ and thus the spin J'' will appear in the 1-loop 
world-sheet energy only in integer powers, i?2d = Xlfc fk^^^ ■ A further expansion in small J 
can then be carried out in the resulting coefficients.^^ Then 

El = -E2d = -[foii^,m) + fi{u,m)a'^ + f2{u,m)a'^ + ...] 

K K 

= eo{J,m) + ei{J,m) J' + e2{J,m) J'^ + . . . . (2.10) 

Note that as the expansion of k, or the classical energy (2.9) contains inverse powers of J', terms 
of higher-order in J'~^ in j] contribute to terms of lower order in the corresponding expansion 
of Cj. Note also that in view of (2.1) we have 

E^ = El + 2^f\E2d + ... = El + 2yA[/o(z/,m) + /i(z/,m) a" + /2(//,m) a" + ...] + ... . (2.11) 

To compute the 1-loop energy E2d we need the quadratic fluctuation operators Kb,f or the 
corresponding bosonic and fermionic characteristic polynomials. They can be extracted from 
[22] and are listed in Appendix B.l. As discussed in the previous subsection, we need also 

to choose an appropriate definition of In -p. ^ or a quantization scheme in the Hamiltonian 
approach. Since in the present case the characteristic polynomials depend on po only through 
Po, for each mode number pi we have a positive and a negative root which are equal in absolute 
value. In the Hamiltonian approach it is then natural to define the vacuum energy as a graded 
sum of the positive roots (cf. (2.4)). Such a prescription gives the same result as the path 
integral approach with the "standard" ie prescription leading to (2.3). We then find that the 



^^Note that for fixed J' the smaU J'' expansions of a and k (over which we are to divide E2d to get Ei in 
(2.1)) are given by 



+ 0{J'^^'), K^J+ " '^^ %,,;, ,, ' +0{J' 



(^2+^2)1/4 (^2+^2)7/4 ' W /, - ■ j J2(J2+^2) 
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e,{JA) = --2J^O{J^), e2(J,l) = -^ + -(--3C3)+0(J). (2.13) 



one-loop correction to the energy vanishes in the hmit J' — )■ 0. This is a required feature since 
for J' = (a = 0) and J 7^ the solution (2.6) reduces to a BMN geodesic. ^^ 

Let us summarize the results for the 1-loop coefficients (2.10) in the J' <^ J <^1 expansion. 
Expanding E2d first in a at fixed v and then expanding the result in small v we find for the 
coefficients fk in (2.10) (for m = 1): 

foiu, 1) = , Mu, 1) = 2 - z/2 + 3^4 ^ 0(^6) ^ f^^^^ 1) = -^ - 6C3 + Oiu') . (2.12) 

Then eo{J', 1) = and 

2 o 4 2 ,5 

--2j + oij'), ^'^'^^^^ = -Y^ + jk 

Comparing this with the general expression for the energy (1.9) (here M = 2 J'') we conclude 
that the resulting values oi riu, ni2, n[2, nu are as given in (1.29), (1.45). The values of nn and 
ni2 were already found in [1]. 

We can also find the exact dependence of /i and ei on J': 

Then the coefficient of J^' in the energy, i.e. the semiclassical expansion for the corresponding 
circular string analog of the "slope" [10] function is (see (1.10), (1.14)) 

h = 27X^1 + J^ + -^^ + ... , nn = 2 . (2.15) 

Together with a similar expression found in the {S, J) folded string case [10, 6] this provides 
an evidence of the universality of the general expression in (1.25). 

Note that when formally expanded in large J', the function hi in (2.15) takes the following 
form: hi = 2J + j(l + j + •••) + •••• Here the j term is different by a factor of 2 from the 
result for the leading 1-loop finite size correction found in [26]. This disagreement should not, 
however, be surprising as the two expansions are derived in different limits (see also Appendix 
A). In the present case, relevant for "short" strings, we assumed that JT"' ^ 1 and J' is fixed. In 
contrast, the finite size correction calculation of [26] assumed the standard "fast string" limit 
of i7' ^ 1, JT" ^ 1 with ^ being fixed and then taken to be small. ^'^ 



^■^Let us note that to carry out the calculation in a path integral approach in the case of J' = one should 
write the po integral as / dpo In j^!^^" = — / dpo Po-^ In ^^f ^" ■ This integration by parts step here is legal 

as In -T— 7 — - vanishes fast enough at infinity. The resulting rational function may then be expanded in J^' and 
integrated without a difficulty. 

^^Let us recall the distinction between the "small" and "large" circular 2-spin solutions [2f , 22]. The distinc- 
tion is sharp at J" = J3 = 0: (i) the solution is "small" if J\= J2 = J' is such that J' <\ (here ^7 = since 
V — ^\ this solution is stable); (ii) the solution is "large" \i J' > \ - (here J" = since a} = \; this solution 
is unstable). For nonzero J the "small" solution may be defined by requiring that J^ <C J' '. then its classical 
energy still starts with ^/Tj' and thus scales as A^/^ for fixed J'. The "large" solution is the one with J ^ J' 
and J7 > 1 so that fo = J + 2 J' + ^t{^) + •••• It is stable if J' < ^J. While the "small' and "large" cases 
are smoothly connected for the folded spinning string, that does not apply to the circular 2-spin case as the two 
expansions have different origins (a — > and a — > ^). 

18 



Let us now present the results for the 1-loop coefficients /^(z/, m) in (2.10) in the case of 
higher winding numbers m > 1 (i.e. for states on subleading Regge trajectories):^^ 







/o 




/l 


/2 


m = 


= 1 





2- 


- Z/2 + C(z/4) 


-I - 6 X 1^ X C3 + Oiu') 


m = 


= 2 





20- 


- f Z/2 + 0(z/4) 


-f - 6 X 2^ X C3 + C(z/2) 


m = 


= 3 





60- 


\^^u^ + Oiu^) 


-M5Z _ 6 X 3^ X C3 + 0(^^) 


m = 


= 4 





376 
3 


ff + o{u^y 


™ 6 X 44 X C3 + Oiu') 



(2.16) 



Simple inspection shows that the coefficient of (^3 in /2 grows like m^. This dependence is 
changed, however, after we express the parameters of the solution in terms of the spins, using, 
in particular, the relation a^ = m~^J' + Oi^J"^). The coefficients ek{J,rn) in (2.10) are then 
found to be: 





eo 


ei 
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m = 1 





J - 2 J + OiJ^) 


-^ + Id - 3 X 1^ X C3) + 0{J) 


m = 2 





f-'iJ + 0{J^) 


-f + f (l-3x2'xC3)+0(^) 


m = 3 





J '!^J + o{j') 


-P + Klf-3x32xC3) + o(:r) 


m = 4 





§-^J+o(J^) 


-^ + *(llif-3x4^xC3) + o(:r) 



(2.17) 



As in the folded string case [6], the coefficient of (3 in 62 grows like m^, supporting the above 
argument for the universality of the transcendental terms. ^^ 

It is possible to find higher orders in the small A/" = 2 J'' expansion of the one-loop correction 
(2.10) to the energy: 



El = {--J + J^ + ...)^f 



+ 



+ 



1 5 3 1 69 3 15 655 25 15 35 3 

- ;^ + (j^ - i^C^)^ - (^ - 2C3 - yCs) J - (j^ + Y^C3 + yC5 + Y^C7)J +■■■ 

3 3 3 1 41 9 1 175 33 25 35 



(2.18) 



M^ + 



We notice that through 0{N"^) order all the transcendental terms are the same as in the case of 
the folded string in AdS^ [6]; we will find them also to be the same for other two circular string 
solutions and the folded string in S^ . Comparing to the general expansion in (1.9) where the 
corresponding coefficient is in (1.37) we find then the values of ni2, nis quoted in (1.34), (1.36) 



with n' 



12 



_57 // 
16' "13 



-| and n'lg 



_3_ 

'l6' 



^^The GS fermions here are taken to be periodic for any m (see [27]). 

^^An interesting open question is how the quantum string states corresponding to folded and circular spinning 
strings with to > 1 fit into supermultiplets at higher excited string levels. Note, however, that the pattern of 
the -7j^ terms in 62 in (2.17) appears to be different from the one in [6]. 
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Let us now present the result for the 1-loop correction to the energy in the hmit of small 
J' and fixed p^ = "^ . At fixed p and JT"' ^ 1 the relation between the parameters of the 
solution and the charges is: 



V = 2pVmJ' 



m 



K = 2^mJ'^\^ p^ 
J" 



1 + 






j'p 



m 



1- 



m(l + p2) ' 2m2(l + p2)2 

2J'p^ J'^ (6p4 - 8p2 



+ 



m 



m" 



+ 0{J^ 



/3\ 



(2.19) 



We may use these expressions and fk in (2.10) given in (2.16) to find the fixed-p expansion of 
El. Indeed, since a^ oc J'^ contains only positive powers of J' while /t and v do not contain 
inverse powers of JT"', higher orders in the small a and small v expansion cannot affect lower 
orders. For m = 1 we then find 



El 



^ 



aAT? 



3 + 43p2 + 32p4 
8(1 + p2) 



-K^\J' ^0{J' 



■I2\ 



(2.20) 



Taking the limit p — )■ we may read off the value of the coefficient n\2 in (1.4), (1.6) (here 
no2 = 0) 



ni2 



-I - 3C3 



(2.21; 



which is in agreement with (1.29), (1.45). 

It is possible also to determine the transcendental part of the next terms in the small J' 
expansion of the one-loop energy directly at J = 0, extending the p = limit of the expression 
in (2.20) and showing that this limit can be safely taken in that equation: 



(-^1)^1=^2=^', J=^ 



1 + ( - ^ - 3C3) :^' + 2( - ^ - ^Cs + f C5) J'' + 0{J'^)\ . (2.22) 



Comparing to (1.7) (where the transcendental part of the A^^ term is contained in nis — |no2^i2 
we find the value of ny^ to be in agreement with (1.36) again with n'^3 = ^ ^ ''^ " 



^ and n'l'o = -% 



(here no2 = 0). 



2.3 Circular string with spins S\ = S2 and orbital momentum J 

Let us now consider the small string with 2 equal spins in AdSr, orbiting big circle in S^ 

[21, 23, 1, 4] (Fo2 + Yi - YrrXrr. = 1): 



Yo + iY5 = Vl + 2r2 e"'^ , Y^ + iY2 = r e 

2kS 



i{wT+mcr) 



Y-i + iYA = r e 



iiwT—vna) 



Xi + 1X2 = e'"^ , w^ = K^ + m^ , K^ = Am^r'^ + u^ , 



(2.23) 



£0 = (l + 2r')K = K + 



\/m^ + K^ 



S = Si = S2 = r w , J = v . 



20 



Short string limit corresponds to r ^ when the solution approaches its flat-space limit (for 
z/ = 0). The parameter k determined from the conformal gauge condition may be written as 



Am? 



K 



\/m? 



,S + J^ 



^2.24) 



Below we shall consider the case oi m = 1. For small S and small JT we get the following 
"short" string expansion of the classical energy (Eq = vXSq): 



In the limit of small S with fixed JT we get 



So 



2S^ 



^^j^'^^''-jm + j^) 



0{S^ 



(2.25) 



(2.26) 



At small S with fixed p^ = ^ we find instead 
^r/ 1 1 



11 \ / 1 

— + - + 2p)-l — 



4p3 p 



V2p3 



'"'^)''<^ 



P 



4p-2p^)S^ + 0{S^) (2.27) 



As in the previous Ji = J2 case it is convenient to carry out the 1-loop calculation in terms of 
u and r and then evaluate the result in the two limits: (i) small S with fixed J' or (ii) small S 
with fixed p. As in (2.10) the 1-loop correction to the energy may be written as 



E, 



-E. 



K 



2d 



K 



[fo{iy, m) + fi{iy, m) r^ + /2(z/, m)r^ + ...] 



eo {J, m) + d {J, m)S + 62 {J, m) S'^ 



(2.28) 



Using the expressions for the characteristic polynomials in Appendix B.2^^ and the "standard" 
choice of summation prescription (2.3) in which we keep unspecified the signs of the terms that 
vanish in the r^ ~ iS — )■ limit we found that expanding first in r and then in u the expansion 
of the world-sheet energy £"2^ in (2.28) contains the following terms 



E2d 
E2d low 

E2d high 



E. 



2d low + E2d high ? 

g _ 7 235 

~ ^~ 3 ^ 216 
1 19 



z/2 + C(z/4 



216 



u' + O^u" 



r^ + 



r^ + 



2969 
432 



iv^ 



1565 
432 



+ C(z/2) r^ + Oir"^) (2.29) 



- 6C3 + 0{u^) r^ + 0{r 



(2.30) 



We split the result into the contribution of few "low" modes (pi = 0, ±1, ±2) and the rest of 
"higher" modes. The coefficient q of the singular in z/ — )■ contributions depends on the signs 
Spj of low fermionic frequencies which vanish at r = for pi = ±1, i.e. q = 2 + Si + s_i. There 
is thus a choice of a sign prescription that ensures the absence of unwelcome singular terms in 
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They can be obtained from those in the Ji — J2 case as the two solutions are related by an analytic 



continuation effectively interchanging the AdS^ and S parts, a 



9 
-r , K 



V, etc. 
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V. The natural value for this coefficient is g = as the complete two-dimensional energy of 
the solution, whose 1-loop part is E2d above, is the right-hand side of eq. (1-2) and is therefore 
expected to contain only even powers oi J = v. Setting thus g' = 0, the resulting values of the 
coefficients fk in (2.28) are 



Uy, 1) = , 

Using that u = J and 



IS 

/i(z/, 1) = -2 + z/2 + 0{v') , /2(z/, 1) = _ - 6C3 + 0{v^) 



252 



it follows that e^ in (2.28) are given by 

2 



+ ..., K = J + 



-s- i^}^'^:u+ 



eo = 



ei 



J 



+ 2J + 0{J') , 



jVi^J^ :r3(i + j2)2 



e^ = Y, + j{l-K.) + o{j) 



(2.31) 



(2.32) 



(2.33) 



Comparing to (1.9) (here M = 2S) we find, in agreement with (1.29), (1.46), that in the present 
case Uqi = 1, no2 = 2, nn = —2, hu = 2, and 



13 

ni2 = — - SCs • 



(2.34) 



The value of riu was previously found in [1]. The value n'12 = ^ is the expected one, i.e. is in 
agreement with (1.33), implying the universality of the value of the energy for the corresponding 
(Konishi-multiplet) state with J = S* = 2 on the lowest massive string level. 

As in (2.18) we may determine the transcendental part of the higher order terms in the small 
S expansion of the energy (A/" = 25)^^ : 



Ei = {-^ + J-J^ + ...)Af 



(2.35) 



+ 



+ 



3 ,3^ 3,1 ,9^ 41, 1 
^ + (15C3 - -)— + (-Cs - -^- 



2J^ 



16'J^3 



32^J^ 



363 



A/'2+ 
43 



Cs - 5C5 



35 
16 



C7)J 



Ar3 + . 



Comparing to (1.9), (1.37) the 0{jM^) term here gives the value of ni2 in (1.34) with n'j 



105 



12 



j^g . Together with the absence of Cs at 0(A/'^/j7'), this determines nis as quoted in eq. (1.36) 



with n\ 



13 



16 ^^^ ^13 — T- 



Next, let us mention the case of small S expansion for fixed P^ = ^- Since the expressions 
in (2.32) contain the exact J dependence, we may get the corresponding Ei from E2d in 
(2.28), (2.31) (cf. (2.20)) 



El 



Vs 



VT+? 



/21 



4p'-3Cs)S + OiS' 



(2.36) 



^*It is interesting to mention that, in a small v expansion of the coefficient f2{v, 1) in E2d, at 0{i''^) there is 

only Ca term and at 0(i''^) there is only ^5 for both Ji — J2 and Si — S2 cases. This implies that Cs in ni2 has 

4 4 

the same origin as (,3 in 1112: the only difference in its coefficient comes from the expansion of — vs — . 
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Taking the limit p — )■ we may read off again the value of the coefficient nu in (1.4), (1.6), (2. 34).^^ 
Summing up the small z/ expansion of the function /i(z/, 1) in (2.31) we may find the exact 
form of 61(^^,1) in (2.33): 

2 , _ ., 2 



/i(^,i: 



ei{J,l) 



J' 



(2.37) 



These expressions are just negative of the corresponding functions in the Ji = J2 case in (2.14), 
in agreement with the general expression (1.25) and the opposite signs of the riu coefficients 
in (1.45) and (1.46). 

One may also perform the computation of Ei by setting JT" = directly from the start. ^° 
While similarly to the Ji = J2 string case the characteristic polynomials here depend only on Pq 
and thus for each mode number there are two roots equal in absolute value and opposite in sign, 
a sign prescription similar to that of the Ji = J2 case in which the one-loop energy is given by 
the graded sum of the positive roots of the characteristic polynomial (2.3) leads to an unwanted 
feature: a non-zero value for E2d in the iS — > limit (see also eq. (3.35) in [1]). As discussed in 
Appendix A of [1], this constant term may be removed by a specific reorganization of modes 
together with a change of integration variables, leading to a cancellation of the problematic 
term at the level of the po integrand (so that a specific ie prescription was not necessary). The 
same result may be obtained by adjusting the sign of just one root of each of the two fermionic 
characteristic polynomials Fi and F2 which for pi = ±1 scale as v^ in the limit 5 — ?> 0: their 
signs should be such that their contribution adds up to zero.^^ Then the "low" modes with 
Pi = 0, ±1, ±2 contribute to the sum over the roots of the characteristic polynomial as: 

E')A inw + E')A hio-h I , E')A inw = — z TZTz h 0[r ) , (2.38) 



E^ = - 

K 



E. 



2d high 



^2d low 

oo 

Pi =3 



E'2d high 
4 



7r2 



432 



pi{i-pI) 



2 4 - 17pi + 137pl - AOpl 4 
pI{4 - pI){1 - pjf 



+ C(r^ 



(2.39) 



Using that E2d high = fr^^ + ( w " 12(3)^^ + Oir') we find 
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E, = VS -l+{--3C3)S + OiS 



(2.40) 



which is the same as the p = limit of (2.36). 

It is possible also to find the analog of (2.22), i.e. to determine the transcendental part of the 
next terms in the expansion of the one-loop energy of the 5*1 = S2 string at J = 0, extending 
(2.40) to next order: 



(E- 



l)Si=S2=S, J=0 



Vs 



.21 



l + (^-3C3)5 + 2( 



f + |C3 + ^C5)5^ + 0(53) 



.(2.41) 



Comparing to (1.7) we conclude that the highest transcendental coefficient (5 at the next order 
is again universal, leading to the expression for nis in (1.36) again with n[^ = — H and n'/g = ^. 
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Note that in (2.36) we have the following combination: 



n 



12 



i„ „ _ 13 I 1 _ 21 
jniino2 — -Q- + t — -0- 



8 



8 



s 



30For J == !/ == one has K = 2r = 2^5 - 25^/2 + 95^/2 + 0(5^/2), etc. 

^^Interestingly, the only effect of this choice is to remove the problematic term and thus to restore the expected 

— > limit (all related higher integer powers of S are simultaneously removed). 
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2.4 Circular string with spins S = J' and orbital momentum J 

The "mixed" AdS^ x S^ circular solution is described by (we set the two windings equal to 1) 



VT+r^ e 



2 c«KT 



a e 



i(w'T—cr) 



Yo + lY^ = 
£0 = /t(l + r^ 



w 



K 



1, 



X3 + iX4 = VT 



a2 e*'^" 



w 



/2 



2 2 / 

r w = a w 



S = r w 



2 / 
a w 



JT' 



jr=(l-a')zy . 



(2.42) 



(2.43) 



Note that this solution is "self-dual" under the analytic continuation interchanging AdS^ and 
S^ parts: k ^ u, r ^ ia, w ^ —w'. The parameters k, and z/ may be expressed in terms of 
the spins by solving the equations 



2 2 

K, — V 



IS 



25 



v^TT^ yiT 



J2 



z/5 



z/ — 



v^ 



z/^ 



(2.44) 



The classical energy has the following expansions 

2 



(^o)5«i, :7=fixcd = J" + — V 1 + J'^S - -^S 



^^^h-^l, p2 = 4i=fixed 



■ 45 ' 



2^/lT7VS 



1 + 



2 + C(53) 
2p2 



(2.45) 



2(1 + p2; 



5 



5 + 8p2 + I2p4 + 8p6 



;i+p^ 



,2^2 



52 + 0{S^ 



i^o)j^«s«i = 2v^ (1 + I5 + ^ + ... 



(2.46) 
(2.47) 



As in the previous cases we shall carry out the 1-loop computation in terms of the parameters 
u and r and then evaluate the result in the small S limit with fixed J^ or fixed P^ = ^, i-e. 
we will define fk and e^ as in (2.28). We will need the following small S expansions of the 
parameters: 



K = J 



2 + J^ ^ 2 + 6J^ + 3J^ ^2 



-S 



JVl + J^ 
5^/2 2 



t2 



-S' 



(2.48) 



:i + J72)V4 2(1 + j2)7/4 



^S^l' + ..., U = J 



JS 



Vl + J"^ 



+ 



JS^ 



J 



2^2 



+ ... 



The corresponding characteristic polynomials are given in Appendix B.3. The summation 
prescription in (2.4) may be fixed as follows. All frequencies which are nonzero in the BMN 
limit (r — )■ 0) are summed with uniform signs such that at pi ^ 1 they contribute positively 
to the energy (this guarantees the vanishing of 1-loop correction to the BMN vacuum state). 
The signs of some remaining frequencies are fixed by requiring the absence of — terms in the 
frequency sum. Few other signs are fixed by requiring that all 0{r'^) terms vanish (such terms 
are expected to cancel due to opposite curvatures of AdS^ and S^). Then as in (2. 29), (2. 30) 
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and (2.38) we may split the contribution of modes with pi = —2, . . . , 2 from that of the higher 
ones 

.2l~72" 

lApj + llpj-S 
L pI{1-pI)^ 



E2d low 
E2d high 



961 9 

—u 



1/141337 21 \ 2 .^, 4x 
2\ 10368 16 / ^ ' 



0[r^ 



(2.49) 



Pi=3 

rl033 



0(z/2 



C(r'^ 



-6C3 + C(z^^) r^ + C(r^ 



(2.50) 



Here the parameter u represents the still unfixed sum of 4 bosonic p\ = ±2 frequency signs; it 
can take values u = —4, —2, 0, 2, 4. Then /^ in the analog of (2.28) are 



/o(^^,l) = 



/i(^,i: 







/2(^,1) 



2 16 



Expanding i^i first in small S at fixed J' and then in small J^ we get 



El 



-E. 



K 



2d 



2ni2 

L J 



+ 0{J) S^ + (9(5^ 



ni2 = n^2 - SCa , 



n 



12 



8 -9m 
32 



C(z/2) . (2.51) 

(2.52) 
(2.53) 



^1 13 ^Uor M = (-4, -2, 0). The choice of n\. 



11 appears to be preferred 



This gives n^^ — v"^? \^i i; ^^^ " ~ v^"*) ^^) ";• -^^^^ ^n^i^c; wi i(,i2 ^ g 
in the algebraic curve approach that we discuss in Appendix C None of these choices leads to 
^12 ~ I consistent with the universality of (1.30) observed for four other (two folded and two 
circular) examples of the solutions. This suggests that a consistent summation prescription in 
this S = J' case is yet to be identified. 
Expanding in S for fixed p when 

ly = 2pS^/^ + 2pS^'^ + 0{S'''^) , 
we get (cf. (2.20), (2.36)) 

El 



2a/1 



P 



2^1/2 



53/2 



v^TT? 



C(5^/2) , (2.54) 



v^ 



aAT? 



{n\^-Kz)S + 0{S^ 



(2.55) 



where n'^2 is the same as in (2.53). 

Similarly to the Ji = J2 and Si = S2 cases in (2. 18), (2. 35), the transcendental parts of the 
higher terms in the small S expansion of Ei here are found to be (A/" = 25) 



El 



, lv-\ o 0,,X . O, XO,x,_^ 



Af^ 



(2.56) 



+ 



q2_ 
J' 



(gs + 2^3);^ + y + (g5 - gCs - Y^C5 - Y^Cr):^ 



M^ 



where q^ are rational numbers. The coefficient of JM'^ term again leads to the same universal 
value of hi2 in (1.34) with n'^2 = 2gi. At (^(A/'^) we should find that ^2 = f^ii = and that 
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ga = ^1^12- The absence of Cs in M'^ j J term confirms again the universahty of Cs in ^13 in 
(1.36), the absence of Cs imphes that n'/g = | and the rational term fixes ri!^^ = 2(^1+^4) + |n'^2- 
It is also possible to determine unambiguously the transcendental part of Ei in the small S 
expansion at J = (cf. (2.22), (2.41)) 

r Q 1 "i 1 

{E,)s=j', j=o = Vs[ {n[, - 3(3)5 + 2(^3 + ^Cs + -jC5)S' + . . . J , (2.57) 

where k^ is a rational number. This again leads to ^13 in eq. (1.36) with n[^ = k^ + \^\2 
and n'/3 = | (here no2 = 1)- Consistency of the two values for n'^3 requires then that h, 
2(gi + qi) + in; 



3 
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Appendix A: Comments on small and large J expansions of /ii(A, J) 
in eq. (1.10) 

Let us comment on the exact expression for the slope function /ii(A, J) in (1.10) proposed in [10] 
in the case of the folded spinning string state in the s/(2) sector and its possible generalizations 
for other string states. One motivation to try understand the structure of h\ better is that 
it determines, in particular, the value of the 2- loop coefficient n^x in (1.11) that is still to be 
derived by a direct world-sheet computation. 

It was suggested in [10] that the exact form of h\ function in the energy (dimension) (1.10) of 
the s/(2) sector ground state corresponding in the semiclassical limit to the (S*, J) folded string 
in AdS^ is given by 

/ii =2yA^ln/j(yA) (A.l) 

(ivA 

1 \ _ ql i _ 5 7-2 _|_ 7-4 

= 2v^v^rT:r - — ^ - ~' — r - V + - (A.2) 

1 + J2 ^(1^^2)5/2 (yX)2(l + :72)4 

-^^^^■^ A + J2 (A + J2)V2 (A + :7T ' ^^^ 

where Ij is the modified Bessel function and J = ^j=. The second line corresponds to the 
string semiclassical expansion: A ^ 1 for fixed J\ the first term in it is the classical string 
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contribution, the second is 1-loop term, the third is 2-loop one, etc. The third hne is found by 
rewriting the semiclassical resuh back in terms of J . 

Starting with E = a/J^ + hi{\, J)N + ... in (1.10) and expanding it in semiclassical regime 
with fixed J' and small Af we get 

E=J+ ^hi\, J) + - = J + Yj [2v/aTJ^ - ^^ + ...] + ... . (A.4) 

The 1-loop term ~^ i 1^72 was found directly in the semiclassical limit in [6]. As was mentioned 
in section 1, this term is universal, i.e. found also for other semiclassical states (see (1.25)). This 
expression can be expanded in several different limits and interpolates between some previously 
known results. If we assume that J ^ 1, i.e. J^ ^ A, then we get from (A. 2) 

ft,.2J + ^(l-i + ± + ...) + .... (A.5) 

implying that the expansion of E in the large J, small y limit is 

£ = J + 7V + ^iv(l-^ + ij + ^^,)+0(4rt, (A.6) 

This matches the known tree level plus 1-loop result in string semiclassical expansion. ^^ Notice 
that in (1 — j + jj + •••) in (A.5) the string 1-loop term — j came from the —j^j2 term in (A. 2) 

while the string 2-loop term +-j2 came from the —7TTJ2W2 term in (A. 2). 

These two leading terms are, in fact, protected, i.e. are the same as on the 1-loop gauge 
theory (spin chain) side where the j term is the leading finite size correction [29] . The structure 
(1 — j) of the leading correction appears to be universal: it is found also for the circular {S, J) 
string [24, 29].^'^ This is consistent with the relations (1.24), (1.25). The linear in y term comes 
only from the zero-mode contribution on the string side or only from the non-anomalous finite- 
size correction on the 1-loop gauge theory side. The next -4- correction (1-loop on gauge theory 
side and 2-loop on the semiclassical string theory side) which should again be protected was 
computed on the spin chain side in [30] (to all orders in y).^^ 

If instead we consider the opposite hmit of ^7 ^ 1, i.e. J^ ^ A, then we get from (1.6) [10] 

I — P 1 — /'2 25 _ 13 t2 1 1 t4 

/ii = 2^1 - 1 - ^^ - ^y^ - ^ g;^^ + ... , (A.7) 

TA (v^)2 (v^)3 

implying the values rin = —1, hu = 1 and n2i = —\ in (1.11), (1.43). This value for the 1- 
loop coefficient nn in the small S semiclassical expansion (matching the one directly computed 



^^For folded string the -j term was found in Appendix D of [28]. 

^•^To sec that there is no linear in S/J = N/J term in the "anomalous" part of the 1-loop correction 
Eanom = ^ iJ2n=i [nVn'^ + 4M2 - n^ - 2]VP] where M^ = ^(l + ^) one needs to differentiate this over M^ 
(the first derivative vanishes). 

^''As we have checked explicitly from the results in Appendix of [30], the same subleading 1/J^ finite-size 
term as in (A.6) appears also for the circular (S, J) string state in the sl{2) sector (here J is the momentum 
along the circle in S^ which the string is wound on) . This suggests the universality of the terms given explicitly 
in (A.6) in the sl{2) sector. 
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using the algebraic curve approach in [3]) has the same origin in (A. 2) as the j string term in 
(A. 6): both come from two different hmits of the the 1-loop semi classical term —jrji there. 
This confirms that this term should not be sensitive to wrapping (Luscher) corrections, being 
at the same time the origin of a finite-size (and even non-anomalous) term at large J. This also 
suggests that, like the coefficient of the — j term, nn may be coming only from the zero-mode 
contributions in the near folded-string expansion. This supports the claim [10] that hi{X, J) 
has its origin just in the asymptotic Bethe ansatz and is not even sensitive to the string phase. 
One may expect to find similar expressions for the corresponding {J' ,J) folded string state in 
the su{2) sector. Indeed, the folded string in S^ is related to its AdS^ counterpart by an analytic 
continuation [31], implying (up to signs) {E, S; J) — )■ {E; J', J), E = —J, S = J', J = —E. In 
this case N = J' so we may expect to get similar relations as above up to some sign changes. 



i.e.^^ 



E^ = J^ + h{X,J)J' + ..., /ii=2yA/rKr + - ^ + -- (A.8) 

Changing the of sign of the subleading term in (A.8) compared to (A. 2) has two implications: 
the signs of nn, of nn and of the leading j term also change. Now rin = 1 = —fin as in (1.44) 
in agreement with [1, 5] (see also Appendix D)."^^ For large J we get 

E = J + J' + Aj'(i + ^ + -^ + ...) + ... , (A.9) 

where the (1 + j) term is in agreement with the result for the finite size corrections from the spin 
chain and the string sides (cf. eq.7.33,7.34 in [28]). As in the sl{2) sector case in (A. 2), (A. 5), 
the subleading term -4- in (A.9) should originate from the next (string 2-loop) term in hi in 
(A.8). The coefficient of this -4 term should be universal in the su{2) sector, i.e. the same also 
as for the circular string. Indeed, for the circular string in the su{2) sector we get (A.9) with 
the same terms in the bracket (l-|-j-|-j2 + ---)' ^^ ^^^ "^^^ ^^^ from [32] (these terms come from 
non-anomalous finite size contribution only). Such a correction in the near-BMN expansion 
was found also in [28]. It came out the same from the Bethe ansatz and the Landau-Lifshitz 
approach, so it should be a protected one.'^'^ Direct check of the universality of the -4 term 
requires a 2-loop computation on the string side. The knowledge of this ja term provides a 
priori only a weak constraint on a possible next term in the expansion of hi in (A.8), but there 

is a natural guess: the direct analog of the —t^^-jk5J2 term in (A. 3) reproduces both the ja 
term and the expected universal value of n2i in (1.30) (see (1.44)). 

In the case of "small" circular strings with 2 internal spins we again find 

hi = 2v^x/rT:r + 7^ + ... , (A.IO) 

1 + J^ 



^^Note that this analytic continuation is not useful if J is fixed, while E ^ X^^^ 3> 1 so there is no way of 
interchanging E and J. ft still works at large J^ and thus large £ and explains why the sign of first finite size 
correction changes: E = J + ^(1 — J~^ + J^^) translates into J = E ~ j^{^ + E^^ + E~^) and then using 
that E — J + ... we get the required result. 

■^^The change of sign of the leading 1-loop string correction can be attributed to the change in sign of the 
curvature between AdS^ and S^ [1] . 

^^The fact that it conies out of the Landau-Lifshitz approach means that one does not need the full supcrstring 
computation to reproduce it, provided one regularizes properly (in addition, only zero modes are expected to 
contribute to this term). 
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where e.g., for (Ji = J2 = J', J) case N = Ji + J2 = 2J' and riu = 2 = — nn (see (1.45)). 
Indeed, according to (2.37), in this case 



2J' 


and rill = 2 = 


2J 


[-5^<-^ 



^1 = j^/lj2^ + 0(-^') ' ^i(^ » v^) = 2J| 1 + ^(1 + ^) + ... I . (A.ll) 

The term 1 + ^ with rin = 2 here appears to be in contradiction with the form of the finite 
size correction - (1 + j) times the classical ^N term - found earlier [26, 29].^^ As already 
mentioned below eq. (2.15) this is not really a disagreement as, in the 2- spin case, the two 
expressions are derived in different limits: here we have J' <^ 1 for fixed JT, while in the 
standard discussions of finite-size corrections in the thermodynamic limit one first assumes 
i7' ^ 1, J ^ \, with ^=fixed, and then may expand in ^. 

Appendix B: Characteristic polynomials for circular string 
fluctuation frequencies 

Rigid circular strings with two equal spins and orbital momentum J in S^ discussed in this 
paper are homogeneous solutions for which the quadratic fluctuation operator has constant 
coefficients. In Fourier transformed form this is a matrix depending on 2d momenta (po^Pi) 
(with pi being integer as a G (0,27r)) whose determinant is thus a finite-order polynomial 
in (po)Pi)- The roots of this characteristic polynomial determine the fluctuation frequencies 
Po = ^{Pi) that appear in the 1-loop correction to 2d energy (see (2.3) or (2.4)). While we 
focused on the solutions with unit winding number, m = 1, a nontrivial value of m may be 
introduced in the characteristic equations for all three circular string solutions through the 
formal rescaling, 

w' 
w'— )■ — r ^ r a ^ a . (B.l) 
m 

This rescaling may be identified in the classical solutions (2.6), (2.23), and (2.42). 

B.l Ji = J2 string 

The characteristic polynomials for this circular string have been derived in [21, 22]. The AdS^ 
fluctuations have the standard BMN type form with mass k, (expressed in terms of the other 
independent parameters a and z/, see (2.6)) while the characteristic polynomial for the S^ part 
is more complicated. Explicitly, 

Bt = M-pir-^i^blT-n2a'-l)m\pl-pir (B.3) 



Po 


Pi 


K 


V 


w 


-)■ ^— 


Pi^ — 


K — )■ — 


z/ -)■ — 


w — )■ — 


m 


m 


m 


m 


m 



+8m^ 



ia' - 1){PI - pI?{pI + pD - ^vV,[{a^ - l)pl + (1 - ^a^)pl] 



■^^This structure from expansion of eq.(2.23) in [29] to linear order in A/": again only the analytic spin chain 
side part or O-mode string side part is contributing to it. It appears that the analytic finite size correction to the 
linear in M term is universal: 1 + -j^ in compact (su(2), etc.) sector and 1 — -^^ in noncompact (sl(2), etc) sector. 
Here L = J + N is, total length, its difference from J is irrelevant to leading order in TV. The sign difference is 
due to the analytic continuation between the sectors. 
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As discussed in [21, 22], the determinant of the fermionic quadratic operator is the square of 
an operator expressed solely in terms of six-dimensional Dirac matrices. We note here that, 
due to the chirality of six- dimensional spinors, this determinant (over spinor indices) further 
factorizes: 

detKf"^ = {detKff , deti^f = F1F2 , (B.4) 

where Fi^2 are the corresponding fermionic characteristic polynomials 

Fi = (Po - Plf + plH-V4:a^m^ + z/2 - 3z/) - 2(a^ + l)m^] 

+pI[v{u - ^Aa'^m'^ + z/2) + (6a^ - 2)m^] (B.5) 

+ {a^ - Ifm^ + m^v[v + (a^ - l)^/Aa'^m^ + z/2] + \v^{u - yjAa?m? + z/^) , 

F2 = (Po - Plf + Po['^(v^4a2m2 + z/2 - 3z/) - 2(0^ + l)m2] 

+p^[iy(zy + V4a2m2 + z/2) + (Gfl^ - 2)m2] (B.6) 

+ {a^ - l)2m^ + m2z/[z/ - (a^ - l)V4a2m2 + z/2] + \u^{u + V4a2m2 + z/2) . 

Using the relations between the parameters of the solution, one can check that the product 
F1F2 reproduces the fermionic characteristic polynomial in [22]. 

B.2 Si = S2 string 

As was mentioned in section 2, this solution may be obtained from the Ji = J2, J by the 
analytic continuation 

K ^ z/ , a"^ <r^ -r"^ . (B.7) 

This observation may be used to find the corresponding characteristic polynomials from their 
Ji = J2 counterparts. The bosonic ones are then 

<^^ = [{pi-pir-AnYoT-n^r'-^)m\pi-pir 

+8m^ [(r2 - l)(p2 _ pIY(^pI + ^2) _ 4^2p2[(^2 _ ^^^2 ^ (^ _ 3^2)p2]j (B 8) 

Bf = {-pI+pI + .')'. (B.9) 

The fermionic determinant has factorization property similar to that in the Ji = J2, J solution 
(B.4) with 

Fi = (pI - Plf + Pll-^t' + 3/t) - 2(-r2 + l)m^] 

+pI[k{k - z/) - 2(3r^ + l)m^] 

+ {r^ + ifm^ + m^K[K - (r^ + l)u] + \k^{k - u) , (B.IO) 

F2 = {pI - p\f + pIH^ - S/t) - 2(-r2 + l)m^] 

+pl[iy{u + k) - 2{3r^ + l)m'^] 

-l)u] + ,. 

Upon setting z/ = we may recover the characteristic polynomials in [39]. 



+ (r2 + I'fm^ + m^/t[/t + (r^ + l)z/] + |/t^(/t + z/) . (B.ll) 
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B.3 S = J' string 

Here the AdSr, bosonic characteristic polynomial can be directly extracted from [24] (from the 
expression found before using the conformal gauge constraint ).^^ Then its S^ counterpart can 
be found by using the "self-duality" property of the solution (2.42) under 



K -v^ u , r -v^ ia , w -v^ —w . 

Including also a nontrivial winding number m, we end up with 



:b.i2) 



B 



AdSs 



2\2 



X 



/ 2,2, 2 2\ 

[-Po + Pi+w -m ) 



{Po - Pi) - 4m>t(l + r ) + 8mpoPi{l + r^)w - 4p5[-/t>^ + (1 + r^)w^] (B.13) 



B 



' 2 I 2 I /2 2\2 

-Pq + Pi + w - m) 



X 



(Po - P\) - 4:m^Pl{l - d^) - SmpoPi{l - a^)w' - 4pl[u^a^ + (1 - a^)w'^] . (B.14) 



As in the previous cases here the fermionic operator can be put into a block-diagonal form 
where each block may be written in terms of the six-dimensional Dirac matrices. While the two 
blocks are not identical, parity invariance requires that their determinants are the same. The 
fact that six-dimensional spinors are chiral implies that the determinant of each block further 
factorizes as in (B.4), where now 



Fi 



KU , 



{Pn-Pi) + 2mpoPi 2a\w' + — ) + (w - w') 
L w 

- Kv + 3z/^ + {w - 2w'){w + w') 



-P\ 



pI 



KV + V + w{w + w') 



(B.15) 



1 



.'\'i 



2kv[w' {w + w') — V ]+2v + V {w — ?)w'){w + w') + w' {w + w') 



(Po-Pi) +2mpoPi 



KU 



2a^(w' ) + (w- w') 



+pI 



+- 



w 



Ku + 3z/^ + {w — 2w'){w + w') 



pI 



— KV + V^ + w(w + w') 



(B.16) 



,/N2 



2ku[w'{w + w') - v^] + 2v'^ + v^{w - ?,w'){w + w') + w'^{w + w') 



Let us comment on derivation of these expressions (that reduce to the ones in [24] for a = 1 
in (2.42)). In the ^-symmetry gauge di = 62 the quadratic part of the fermionic Lagrangian is 
(see, e.g., [22, 24] and refs. there) 



L = ~2tt^etev''Vpe - e^^^r^r^r^^e^ef 



(B.17) 



where T> = d+ -gU T ab is the usual spinor covariant derivative. For the solution (2.42) the 
2d projected combinations c^Va and oj-^^Vab are: 



e^VA 

^0 J- AB 
^l -L AB 



V^yl + r^K + T4rw + T^\/l — a^v + T^aw' 
miT^r — Fga) 



2/trroi - 2{Vl + ^wVii + az/Fse + Vl - a^wTeg) 
m(-2Vl + r2ri4 + 2VI - a^Feg) 



(B.18) 



■^^Onc can check directly that the massless mode decouples in the characteristic polynomial for three coupled 
AdS^ fluctuation modes that follows from the fluctuation Lagrangian in eq. (4.13) in [24]. 
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where Ta are the 10-d Dirac matrices; one should project the quadratic operator onto its 
chiral part thus rendering it a 16 x 16 matrix. To evaluate the determinant of the quadratic 
fermionic operator we first notice that the matrices r2 and T^ in F* = 'iroi234 in (B.17) do not 
appear elsewhere in the quadratic operator. The product r23 may therefore be diagonalized; 
its diagonal entries are ±i. In this representation the quadratic operator is block-diagonal and 
each block may be obtained from (B.17) and (B.18) by using for Fj and T^ the d=6 Dirac 
matrices and F* = ±Foi4. Since the sign of F* affects only the sign of the Wess-Zumino term 
which can also be changed by parity transformations, the determinants of the two blocks are 
equal and thus the lOd determinant is a perfect square, as in the first equation in (B.4). Since 
the 6d spinors are chiral, there exists a representation of the 6d Dirac matrices in which each 
block of the quadratic operator is itself block-diagonal. Thus, the determinant of each block 
further factorizes; each block is only a 4 x 4 matrix and its determinant can be easily evaluated 
leading to the two factors Fi and F2 in eq. (B.4) given by (B.15),(B.16). 

In section 2.4 we discussed the small r expansion of the energy of the S = J' string with 
angular momentum J. For this purpose we need that 



2r2 



K 



V 



+ 4r2 



w 



1 + z/2 + 4r2 



4^4 



9 ' 



w 



^ 



4^4 



V 



(B.19) 
(B.20) 



Plugging these expressions in F\ and F2 and dividing by a factor of r^ we find that 



^1, 



.(1,2) 



, (1,2) 2 I (1,2) 4 I 



(B.21) 



with 



-0 

.(1) 



^2 



.(1) 



.(2) 



.(2) 



/ 2 2,2 

{v -Po+Pi 



Z/2)3/2 



2pi + l)(z/2-p2^p2^2pi + l) 
V//2 + 1 [-2^1 (4z/2 + J92 + 3) + p4 ^ (p2 _ ^^) 



+4(z/2 + l) poPl 



4 (z/2 + 1) poPi + vV2+T(3z/^ + z/2 (-4p2 + 4p2 + e) 



Z/2)3/2 



Z/2(l + Z/2)5/2 



Z/2(l + Z/2)5/2 



32 (z/3 + v) vm + Vz/2 + l(4z/^ (p2 - 6p2) 

Po - 2p^ {v\ + 10) +pt + 4p? + 3) + 2 [vl^vl + 1) ) 



(B.22) 



(B.23) 



(B.24) 



16 (z/2 + 1) z/2poPi + Vz/2 + l(l3z/6 + z/^ {-\^vl + 14p2 + 24) 



+Z/2 (p^ _ 2p2 (p2 + 8) +pt + 8p? + 9) - 2 (p2 +p2 + 1) ) 
It is not difficult to construct higher orders in the small r expansion at fixed v. 



(B.25) 
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Appendix C: One-loop energy of S = J' circular string from the 
algebraic curve approach 

Here we shall revisit the computation of the 1-loop correction to the energy of the S = J' 
circular string solution (2.42) discussed in section 2.4 using the algebraic curve approach [35, 37] 
to determine the fluctuation frequencies. 

In order to focus on a near flat space expansion in the short string limit we will consider the 
limit iS — )■ for fixed g 

In section 2.4 in (2.46) we used instead 



p 



2Vs V v^ITV^/ 

Note also that 



g(l- , =). (C.2) 



^ ~ 2(1 + 2^2^)2 • i^-^) 

C.l Quasimomenta 

The quasimomenta can be obtained by explicit diagonalization of the monodromy matrix [35]; 
for the S^ part the basic single cut quasimomenta vanishing at infinity are determined by 



p(a;) = -TT + TT— ^\/{x - X2){X - X2) , (C.4) 

x"^ — 1 



where the two roots Xi,X2 are given by: 

1 



Xi 



2gVS+Jl + 4g^S 



( V^TTV^ + 2gy/S) Ul + Ag^S + 2i ^J S {^/iTa^ - S) - 2S] 
X2 = ^^ , -. (C.5) 

The four S^ quasimomenta can be identified looking at the asymptotic x — )■ 00 behaviour of 
p{x) and p{x^^), which is related to the conserved global charges: 

^p{x)^S-J + ... , ^p{x-')^-l-S-J + ... (C.6) 

Zn Zn 

Hence, we can identify: 

Pl{x) = -27r - p{x'^) , p'^ix) = p{x) , p-^{x) = -P2{x) , pi{x) = -pi{x). (C.7) 
For the AdS^ quasimomenta, the basic function is given by: 



p{x) = TT ^ _ ( a/x - £1 a/x - X2 - 1 ) , (C.^ 
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where the x,- are: 



2S + W- 2^S{S + 



w] 



xi = (X2X3) , X2 = ~ ^^ ^ "" — ^y'^'^'^^N ~ ' £3 = w - \/w'^ - 1 . (C.9) 

wyw — \/w^ — 1) 

Again, comparing with the asymptotic, the identification of the quasimomenta goes as follows: 
pj(a;) = -f,{x-^) , p^(x) =v{x) , P3(a;) = -f>{x) , yi{x) =p(a;"^) . (CIO) 

C.2 Off-shell frequencies 

Due to the symmetry of the circular string solution, all the fluctuation energies can be con- 
veniently written as combinations of only two independent functions fiyi(a;) = ^^ix) and 
^s{x) = n^'^ix) [37]: 

QbAx) = n^'\x) = -ns{x~^) + fis(O) 

QbM = n^\x) = n^\x) = i [Qsix) - Qsix-') + QsiO)] 

^B^^ix) = n^^{x) = -^Aix-^) - 2 

QbA^) = ^^\x) = Q'\x) = i [QAix) - QAix-')] - 1 

np.ix) = n^\x) = n^Hx) = ^ [^^(x) - ns{x~') + nsio)] 

Qp^ix) = n^\x) = n^'^x) = - [Qs{x) - nA{x-^)] - 1 

np.ix) = n^\x) = n^\x) = i [-nsix) - fi^(x-i) + ^^(o)] - 1 

Qp^ix) = n^H^) = ^'H^) = \ [^a{x) - nA{x)] . (c.ii) 

Following [37], the two functions ^a{x) and Vts{x) can be uniquely flxed imposing the correct 
analytical and asymptotic properties for the perturbed quasimomenta p + 5p: 

nsix) = n^Hx) = iW fM _ 1) + /(zllfM _ 1) , 

^^ ^ ^ ' f(l)\x-l J f(-l)\x+l J ' 



X 



nA{x) = n'%x) = 2 i-^^^-^fix) - ij , (C.12) 

where the two functions f{x) and f{x) are deflned as 

Rx) = ^{x-X2){x -X2) , f{x) = ^/{x - xi){x - X2) , (C.13) 

with a suitable choice of the cuts. 
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C.3 One-loop energy 

Given the above set of off-shell frequencies Qj = Q'''^ , I G {^, 5", -Bi^2,3,4) -^1,2,3,4}, the corre- 
sponding physical on-shell fluctuations energies associated to the {i,j) excitations with mode 
number n, are given by 

co^ = co^=ir^^ix^), (C.14) 

where, for any pair {i,j), x^^ is determined as the solution of the equation 

vA^;i)-vM;;) = 'i'^n. (C.15) 

The one-loop correction to the energy can be obtained as a sum over n and polarizations ^° 

This sum is sensitive to integer shifts in the labeling of the frequencies n ^ n ^ b] following 
[35] here we propose to use the following choice: 

-, +00 



2 

n=— 00 



'S ^^A ^ ^Bi ^ ^B2 ^ ^Bi ^ ^Bi 



-2J;-'^ - 2jg - 2J;J - 24;-^) 



(C.17) 



Then the final result in the short string limit has the same form as in (2.55)) 



E, = " ^^' 53/2 + 0{S') , (C.18) 

vV + 1 

corresponding to the rational part of ni2 in (1.29), (2. 53) being 

n'i2 = y • (C.19) 

The prescription (C.17) thus does not lead to the preferred choice n'^2 — | consistent with 
the universal value (1.30) of the 2-loop coefficient n2i- The value in (C.19) together with 
universality of Konishi dimension implying eq. (1.31) then leads to n2i = — | ( nos = — |)- 

Making a natural guess about the structure of the leading term in the 2-loop correction to 
he slope function we then get 



E = Eq + El + E2 + . 
= 2^1 + g^VxVS 



1 + 7ZT-. — ttS + — — -7^7^ — -4 — s^ 



2(f?2 + l) 8(f?2 + l)2 

n^^3G^3/2 ^ 1 n,, ^ ^__ (C.20) 



^'^In the algebraic curve formalism, the on-shell energies w^-" enter directly Ei and do not require 1/ n factors. 
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Appendix D: One-loop energy of the (J', J) folded string from the 
algebraic curve approach 

Here we shall derive the 1-loop coefficients in (1.44) in the small spin expansion of the energy 
of a folded string with spin Ji = J' and orbital momentum J3 = J representing a state in the 
su{2) sector on the dual gauge theory side. This will a direct counterpart of the computation 
done for the {S, J) folded string in [6]. 



D.l Quasimomenta 

The classical solution [38] for the folded string with spin J' and orbital momentum J in S^ is 
related to the folded string with spin S in AdS^ and orbital momentum J in S^ by an analytical 
continuation [31] implying a relation between the string profiles and the global conserved charges 



{E- J', J) ^ (- J; S, -E) . 



(D.l) 



In the algebraic curve approach the quasimomenta for the {J', J) string can then be obtained 
by an analytical continuation of the quasimomenta for the {S, J) string given in [3]. According 
to [5] the S^ quasimomentum P2 as & function of the branch points is expressed in terms of 
the elliptic functions: 



m^) 



IT — i 2Ti£i 



X 



SnabJ' 



b a^ 



Fi{x) 
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i¥(i sinh""*^ 
iMii sinh~ 
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x^ — I J \ a b"^ — I 
27tSo (a — b) 




a \a\ — i a a + X 



V^ 



-1)(62 
b a — X (a + 6)^' 



Fofx) 



a + 6 a + x' (a — 6)2 
a — b a — X (a + 6)2 



a + b a + x' {a — by /^ 
where Re(a), Im(a) > 0, 6 = —a and 



a \a\ — i a a + X 

(D.2) 

(D.3) 
(D.4) 



1 a6-l 
27r ab 
_ 1 a6 + l 
27r ab 



6E(l-^) + 



aK(l-^) 

1--) 
b^J 

a^\ 



(D.5) 



1)K(1--J. 



TTO 

The inversion symmetry provides the other sphere quasimomenta through the relations 

p^{x) = -p^{x) = -pi{x~^) = Pzix'^). (D.6) 

Since the motion in the AdS^, part is trivial, the corresponding quasimomenta are simply 



Pld^) = -PSA^^) = 27r^0 



X 



x^ 



(D.7) 
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D.2 Off-shell frequencies 

The symmetry of the solution allows to express all the off-shell fluctuation frequencies as com- 
binations of only two independent functions [5] : 






x^ 



1 + x 



/(I) -/(-I) 
fix) ^ 



(D.8) 
(D.9) 



/(l) + /(-l)Vx2-l 
where {f{x)Y = (x — a){x — a){x — b){x — b). The complete list of the frequencies is given by: 

^s{x), n^^{x) = nA{x), 

n'~%x) = ^[nsix) - nsix-') + 1^5(0)], 
if^ix) = n'^ix) = if^{x), 

Q^^{x) = Q^^{x) = Q^~\x) = ^[VlAix) - Qsix'^) + ^s 
d'^^ix) = if^{x) = n^^{x) = -[ilsix) + ^Aix)]. 



n'^x) 


d^\x) 


n^~\x) 


n^^ix) 


n^~\x) 


n^^\x) 



(D.IO) 



The off-shell frequencies provide the fluctuation energies when evaluated on the solutions of the 
equations: 

Mxlf)-p,{x:ii) = 27rn. (D.ll) 



D.3 One-loop correction to the energy 

We have computed the one-loop energy correction Ei in the two limits. The first one is moti- 
vated by the analysis in [33] and is defined as 



J'^0, 



In this limit, the classical energy is given by 



J 



v%T 



fixed 



So 



V~t 



For the one-loop correction we find 



, , ^ I 4t^ + l ^,^ -32t6-16t^ + 28t2 + 3 ^,, 



128 (t2 + 1)3/2 



p>0 

1 ... 16t4 + 25t2 + 6 
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2v/2(t2 + l)' 
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(D.12) 



(D.13) 
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(D.15) 


2a 


/2 (t^ + 1) '" 
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Adding the classical energy and re-expanding at large A for fixed J', J, this gives 



1 



1 



^2 = 27X7' + -/^ + J' + J^+ r- 

2 Ta 



5 



1 



J'3 + J'j2+(-^-3C3)/' + ^/ 



+ ... 



leading to the values of the coefficients Uij in (1.44). The resulting value 

5 



n 



12 



(D.16) 



(D.17) 



is perfectly consistent with the universality of the two-loop coefficient n2i in (1.30), i.e. as 

follows from (1.31), 

1 



^21 = . 



(D.l^ 



As in [33], expanding E^ at large t we recover the expansion in small J' for fixed small J: 

El 



f^-'-J + ..)j'^ ' ' 



\2J 2 



2J3 



+ 



I + 3C3 



...]r 



The second limit is 

In this limit, the classical energy reads*^i 



5 



+ 



'8 ~ 3^3 \ ^,2 

2J +-'^ 

23 

8 



-f - 9(3 



S„^J^^I^J' 3J^ + 2 



4J^7 4J^5 

J = fixed . 



J +- 



J" + 



IQJ^{J^ + 1) 



For the one loop correction we find 

El = e,{J) J' + 62 (J7) J'"" + 63 (J) J'"" + 

and, at order J''^, 



5/2 



J" + 



El 



J' 



2J{1 + J^) L 16^3(^2 + 1) 



--21J^^-29J'2^1 

5/2 



n=2 



n 



(j^2 ^ 2n2 - 1) 



J^{n^-l) (j^ + n^) 



3/2 



(D.19) 
(D.20) 

(D.21) 
(D.22) 
J'^ + ... (D.23) 



This expression is very similar to the one for the {S, J) folded string found in [6]: 



El 



{s,J) 



2J(1 + J^' 



+ 



3:^^ + 11^2 + 17 y. n^{j' + 2n^-l) 
L 16:73 {J^ + 1) '/' ^ :73 (n2 - 1) ' {J^ + n2) 



3/2 



S^ + ... (D.24) 



The only differences are in the sign of the first term (i.e. the sign of the 1-loop term in the 
"slope" function (1.25)) and in the coefficients of the contributions of low modes in the second 
term. 



4iEquivalently, £§ ^ J^ + l^fX^fYTj^ J' + ^^r^ J'^ 
case El ^ J^ + 2^/\^/l + J^S + ^+lf,^ S^ + .... 



For comparison, in the (S, J) folded string 
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Extending the calculation to the order J'^ we find the following correction to E\ 
ISOJT^ + 456^^6 + 202J^^ + SJ'^ _ 27 



eaC^) 



64J^5 ^J2 + 1^ 



(D.25) 



+E 



.2^i5/2 



(8J^' + 17J^2 + 10) 



n 



10 



„=2 2:^5 ( J2 + 1)^/- (^2 _ 1)4 ^^2 + ^2 

+2 (lOJ^^ + 9J^^ - 13J^^ - 14) n^ + 2 (3J^^ - 19J^^ - 43J^^ - 17J^^ + 7) -^ 



-2 (6 J^^ + 2J^ - UJ^ - 9J^2 + 2) n' - J^' (2 (J^^ + 5 J^' + 7) J^' + 7) 






Expanding the coefficients of each power of J' in (D.23) in small J we get explicitly (here 
M =.T\ cf. (2. 18), (2.35), (2.56)) 



^1 



Uj' 2 2 



...U' 



+ 



+ 



1 1 

+ 



2J^ ' J\ 16 2 
Vl28 16 



1 3,\ ^( 9 3, 15, 



./125 25, 15 



32 

C5 - -Cr 



J' 



/2 



1/3 3\ 1/1 9 
Pll6 + 2^V+71^~°^-^ 



^J^ J^3V16 ' 2""y ' J^ V32 

^^1 o> 35, 35, 
+^(3+3C3 + -G--C. 



:r 



/3 



(D.26) 



J 



This is in perfect agreement with the expansion (D.19) found in the case of fixed t — /o-ttz- 
From this expansion one extracts, in particular, the following values (cf. (1.9), (1.35), (1.37)) 



ni2 



3 Cs , ^12 = - Y^ + 3(3 + ^Cs 



"■^^-^-i^' + T'^^- <°-''' 



For comparison, the corresponding values for the (S*, J) folded string that follow from the analog 
of (D.26) in [6] are: 



3 o^ ~ 27 ^, 15, 

^12 = ^ - 3 Cs , ni2 = -— + 3C3 + ^Cs , 
8 16 4 



ni3 = -^ + ^C3 + ^C5. (D.28) 



The value of n'/g = — | in (1.36) for the folded (J', J) string in (D.27) is the same as for the 
J\ = -h circular string found in sect 2.2; n'/g = ^ for the folded {S, J) string in (D.28) is the 
same as for the Si = S2 circular string found in sect 2.3. 

Similarly to the cases of the {S, J) folded string [6] and the circular strings discussed in 
section 2, the coefficient of J'^ j J in (D.26) does not contain ^5, supporting the universality 
of the transcendental terms in hyi in (1.34) and of the C5 term in ni3 in (1.36). Note also that 
the highest transcendentality C7 term in the coefficient of J J'^ in (D.26) is also universal, i.e. 
has the same value (—35/16) as in [6] and in all circular string cases (cf. (2. 18), (2. 35), (2. 56)). 
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Appendix E: Summary of coefficients 

Here we summarize the known values of the leading coefficients in E'^ in (1.3) for two single- 
spin folded and three equal-spin circular solutions. We omitted the values of ^12? "^13 for the 
circular S = J' solution that appear to be scheme-dependent (see section 2.4). We added 
question marks to the values that were not computed directly but are expected on the basis 
of universality of the Konishi multiplet dimension. Let us recall the definitions of n'f.^,n'l,^ as 
rational coefficients in 1^12,^112, ni^: 



ni2 = %2 - 3(3 



ni2 



%2 + SCs + -rCs 



15 

T 



ni3 



n 



13 



+ "-laCs + -rC 



n 



V 



iS,J) {J', J) (Jl = J2,J) (^1 = ^2, J) {S=J',J) 



riQi 


1 


1 


1 


1 


1 


noi 


1 

4 


1 
4 


1 

4 


1 

4 


1 
4 


no2 


3 

2 


1 

2 





2 


1 


no2 


1 
2 


1 

2 


1 


-1 





^03 


3 

8 


1 

8 





-1 


1 
2 


no4 


31 

64 


1 

64 





2 


3 

4 



rill 


-1 


1 


2 


-2 





nil 


1 


-1 


-2 


2 





nil 


-1 


1 


2 


-2 





<2 


3 

8 


5 
8 


3 

8 


13 

8 


l(?) 


^12 


27 
16 


3 
16 


57 
16 


105 
16 


— 


<3 


9 
16 


7 
16 


3 
16 


85 
16 


— 


^'/3 


15 
4 


3 

4 


3 

4 


15 
4 


3 

2 



^21 



-i(?) 



-i(?) 



-i(?) 



-K?) 



Table 1: Summary of coefficients in eq. (1.3). 
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